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A39IRACT

In this essay it will ©pe snown how the source-free "already

unified” field tneory of Rainich, (Trans. Am. Math. 30C., Vol. 27, p.

100, (1925)), as exdosited by Misner and Aneeler =1 and otners, =2 mnay
o2  expanded to encomnpsass electromagﬁetic sources, strictly witnin the
dounds of a siaply connected spacetine toposloay. The result is a tully
aeneralized, strictiy «classical, already wunified tiel j theory of
electromagnetism anag gravitation, which integrates fully into
electrodynanics, the antisymmnetric tehsof formalism of Levi-Cevita. In

oarticular, it is shown how the entirety of maxwell’s electroaynanics,

including sources, may ne directly consolidated into the

seometrodynamic equation Ruv‘O.

The introductory section oresents a general overview of the

classical already wunifiead tield theory with sources, to be adevelopeq
F; rst . . 4 i3
herein., The mmmB& Six sections examine "ow tn§ theory witn sources nay

ve uevelooed out of vaxwell’s classica] electroayn@micg and xainich’s
classical source-free already unified tiela theory, In sections /=Y, a
nuynoer of special cases of electrodynanics with sources, 1including
source-free electrodynamnics ana electrodynanics in the extrenal
electric reference frame, are oresentedi. The final section exgnines how

the transition from a simply connected fuclidean spacetime tooolojy to

a multiply connected non-Euclidean topology, may lead t» 3 oarticularly




matural pasis for understandina non-classical, ie., quantized alresagy

unifiegd fielda theory.
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I4TR2uDUCTION- Gegmetrodynapic._tlegctrodrynamics _with_Saucgesi_ _A__General

Jyeryiew

It is possible, as will oe shown in detail herein, to consolidate
the entirety of Maxwell’s electrodynamics, including sources, into the

single geometrodynanic equation:

Ru'\)’: O. (1)

It turns out, Wwhen all possible sources of electromagnetic field
are considered, that the apbove may ne translated into the

electrodynanic equivalents:

Fae(J%+ 70%) + " Fuc (e p%)
+'li&FGT<\)-r€a.+ *Jw‘“‘) -3 F‘TT(FT“* *PWA: O

(A)

(2)
"Fas (JT+*0%) = Fae (P77 P°)
"3 FGT(JTW* *n)we) B é*FGT(Pm—a +"P1<J“ 0,

(8)

where charge J and monopole P are connected with the electromagnetic

tield F'according to:




¥ar

(i)

..P =

] G
agr F o

(a)
» |
. T - T - - * *
GRD \)’("\J P‘vsv yrr ( F-rs;.\, + FS\JJT + *Fv73€>
s wS | e=TC

(i) P N J T yp F'oor

(b)
% | A
(i4) PTGU - \) TSV T oyy (F-rs';u + FGV}T + F\r735>
(s)

_ * 1% _ o LR TE ‘)

(1) \J = P'TGU" Chig F' 3T
(c)

* _*n* -\ [k * ¥

(ii) g)-rt\! P1vv' ‘m( F‘r?;v+ Fvu;'r ¥ F\"'}‘)

) A0S kR \mS | g g~ 7€ .
(d)

. SRy N

(if) PTE‘\J = X 41 (FTF;’V* F‘UJ'T t FvT‘,‘).

In “the abover, the "oual"™ of any anti-symmetric tensorﬂ\ in
tour=space is constructed in the uJsual way, using the Levi=Cevita

: . #,S . L ,4TIT LN RIS
formaljusrn, according to A 3!6 A‘u,.() A -5-,‘5-_ Ase

v ) 2 SpeT;
ang maTEV: (T A i from which follow Afu HEY  eual
) 'S 6\ A

identities F¥Az A®  FRATTIATT o REATSVL ATEVT 1 is also to

oe notea

respect to all

form F-%*F

sources.,

that

the electrod

duality transfo
fields

for an

ynamical equations (Z) are invariant with

rmations of poth the second=second rank

d the Pa*p

first=third rank form J*)*J ond

Now, while a good oortion of the exocsosition herein will be devoted

to the rigorous derivation and justification of egs. (1),

(2) and (3),

X




it should pe noted, when (1) is considered in Jlight of the Einstein

(7 -
equation/Bianchi identity -XTu\r:.u"(R“v'lxs ‘JR)',«’ O for energy
conservation; and when (2) is considered in lignht of the
» G -
equations J ;6% 0 and \)T‘v;h'\)s’-\ms? + JvaTi§ -\);ww‘-o tor

electromagnetic source conservation; tnat the strength of eq. (1) s
identical with that of eqs. (2). In other words, egs. (1) ana (2), from
a general relativistic standpoint, are absolutely compatable. Ahile
this does not prove the equivaience of egs. (1) and (2}, it does make
this equivalence »>lausible. =3 The rigorous justification of this
equivalence will be developed in sections 1-6.

Once the equations (1),(2) and (3) of "geometrodynamic
electrodynanics” with sources have peen devejlopeds, a numoer of
specializations are possible. Une may, in the usual manner, reduce to—- -7

the extremal electric tormulation ot (2) and (3) by setting
wn L - SR TN o
F=e & . (4)

One mnay also, as will be discussed in deptn herein, reduce fronm
electrodynanics with sources to source-free electrodynamicsy by
. ; wmAS . "™
constructing the field tensor F. from the potential vector F\

according to the faniliar:

Ay

RS UM
F -‘/\) - A . (s)

It is to be emphasized at the outset that . eqs. (1)-(3), which describe
electrodynanics with sources, do not in any way involve eq. (3) apove.

It is this supplementary condition (5) for the four potential which, as C

3




fﬁrhyvigjyused to reduce from electrodynamics with sources; to
source-free electrodynamics. 1In other words, eg. (5) apove has
absolutely nothing whatsoever to do with electrodynamics with sources,
and as soon as one employs eq. (5), one is automatically talking about
electrodynanics withguf souces, for | 18 Thlg equaNien which direcTly caunses The

reducrion T ‘ow'ce,-Frft glcg‘froJ:,han.,“s'
Two further specializations of interest come about wheni

— A - 1 wT 753 -
(a) 'Gwo v oo gp[;F For + *F ’Far;] ()
and/or when: (6)

(b) jF'J?+*JG‘O.

A
In the former case when the Maxwell tensorj?nw-w is equal to zero, the
second-second rank duality operator « becomes equivalent witb~£?fi;
while {$n the latter case, the first-third rank duality operator *

becomes equivalent with =1. That is, ®*FE*V= LF"Y  itf (6)(a) is true,

6 S M) - (&)
and ’\) = '\) iff (6)(b) is true, These specializationsA will be
developed and examined in sections 7-9.

Finally, while the entire theory to be developed herein

presupposes & simply connected Euclidean soacetime topology descriped

in terms of the comolexion gradient (Ra oOYy:
V% 4 VA
(a) A - 0, (7)

one would certainly consider the generalization of the above, sooner or

Jater, to a multiply connected spacetime tooology, given by:

(b) @a‘d»« 2 AN y N=0,1,2,3... (7)

4




As it nappens, this seems to lead toward a particularly natural
approach for the gquantization of c[assical already unified field
theory, as will pe examined in section 10,

The discussion in the first section begins with a brief review of

Maxwell’s classical electrodynamics and Rainich’s classical,

source-free, already unified field theory.




SECTION 1- A__RBevies _0f__MaxwellZs._Electreodypnamics._aod...Rainignls

Source=-Free_Alceady.Unified_Eield_lbeary

In their ordinary tensor formulation, the equations of Maxwell’s

electrodynamics take the form:

(a) \)T = L:Tr( FGT‘N)

(b) O = F‘Tf;\r + FGV;T + F\rT;G .

(8)

It is however mnore appropriate for the subsegquent discussion,

oorrowing from (3 ), to rewrite the above as: e =

(a) J7 = t%n ( FGTW\

(9)
|
(b) * PTV,\," ‘TTT(F‘N'-,V + FG’\J)? T F‘V‘T‘,"}
-where-
wAr A wiu
P A A
(10)

In this form, the dualistic symmnetry between charge/monopole and

first/third rank electromagnetic sources becomes more apparant, as does




v+ Fevie + Forie

A

the dependence of the Maxwell equations (8), strictly speaking, upon

the supplementarf potential condition (10). This is because without

(10), the right hand side of (8)(b) will no longer be identically equal

to zero.

; WV
Assuming that FYV= AV3“- A% and hence that

in (3)(p) really is identically equal to zero, one may proceed to use

energy conservation to connect (8)(b) with tne geometrodynamic energy

v
tensor T ,» as such:

)

X T (Rkv" 4 S R),M

) (T4 + T, a

K (A F"(Fuviv + Foru v Frase) )

Bl P Fonn = 48 F  Feryu ] (11) mm =
» XL (P " Fedu - £ 8% (FFex)u - For F";:J

s B[ FFor + “Fomrp ] - X Furd”

"N LY
: 'K(‘rcm)'\r + Cum V)‘w\

"

h

-~where=

'
)

(a) T““)u,\, = 8'17 [‘er F\I'\' + ’FMY’FVT]

v
T - &ﬁ {_kaisz - i;SﬁV'F Fk;]
-and=- (12)
M - Yy . 1% ¢
(b) XL(M‘U' * _t(m) vim Fv-rJ - l_;)r Fer F o8&

are the Maxwell tensor and the gravitational energy components of the

L«an!;ar-"l\
electromagnetic field, respectively. Therefore, Mnl“"“jl\h! L-s».l-ﬁiul CensTanTs

of i'\T¢3 raYion’
7 .




« LY
T“‘U': -r(mm‘\r + t(tu) B 20 (13)

Now, by applying the potential condition (10) to (9)(b), one finds

that *P1¢~r » and all the other third rank sources of the
deduceable TherefFran b any 40fV oF dudlity riTlion
electromagnetic fieldA (see (3)), will pe equal to zero. Employing the

L A0 A, BTN
first-third rank Levi=Cevita formnalisms *As’é.éaf 1AA¢7 AT AL

C [ uj‘ &‘
it s apparant , that the tirst rank sources of the electromagnetic

B

field will reduce to zero, with the consejuence that (9)

ultimately reduces to:

(a) 7 m(Fe)= 0

(1g)y— "~

- L
(b) » T“U'- Lﬂr(FT"i‘V’ + F‘"}T + F‘U’T}ﬁ)a O)

but if_apd_gnly_if the potential condition (10) holds true.TMs-sJud'umat-Fﬂm
tltd’tr.“:‘nani(s .

Assuming that F“V: A"’“-A““" does hold true, one may further
use (14)(a) above to set J¥=( in (11), which is tantamount to
setting Wigmy * 'Cm.;*v;,«‘- wr) T = 0 th: (1A)(b). As a consequence one
may extract from (11), the source-free energy tensor and trace

!% (13) with KW -Cupov - F\rv D" 20 5 6und ne cosmalegical iviteq relliom cu.g"a.:t,)

At _.---...-4 W m—— g e~ preegpdfmcmnpogi e —————

equation:

“ . “ .o
(a) T v Tuuov. ‘8-17 [_F“?FVT + ,F“T’F‘VT‘]
(15)

(b) _T‘ = —r-Gir * Q.

(14) and (15) of course, are the primary equations of source-free

3




Q) l:u‘hj The Source-Free Maxuell o waWlewg 5 awd (15) bq.‘y.J The wsual
expressieng For The Marwell Tenged aund Te Trace.

. the marn roiv?f, wki¢k ig
electrodynamnics, -4 It is important to noteAthat these equations
all come about by virtue of the supplenentary potential condition (10).

One may of course derive from (1S), in the usual way?

(a) Révgw - ﬁsuv(QﬁPw) =0
(16)

-
(b) Rﬁ'-o-
It one further defines the duality rotation operation:

me: e'kéw‘r (17)

in the usual way, and supplements this with the requirement: (a“= aé“*’d"’”
u,v VA L o~
A -4 =Q (18)

that spacétime topology be simply connected, then one finds in (16) and
(18) the crux of Rainich’s classical, source-free, already unified
fiela theory.=-S

Thus, it is tne condition F“": AVI%~A™Y _iich, in the final
analysis) is resoonsible . for reducing all the sources of the
electromagnetic field to zero; ie., it is this condition which brings

ol The primary equotiong oF and already wnified Cield Theery

aboutAsource-free electrodynamicg{ It is therefore apparant, to develop
a more general theory of electrodynamics with sources, that this
condition must be discarded, and the theory with sources developed such

that there is no deoendence upon this condition at any point in the

theory. Conversely it s necessary that the theory with sources pe

9




vy Au;-\r' is

developed in such a way, when the condition }:“v:
finally added as a form of specialization, tnat the theory with sources
will reduce 1in this special case to the classical source-free theory
discussed abdaove.
It is therefore our objective from here on, to exXtend classical
electrodynanics and source=-free already unified field theorya
to include all forms of electromaxgnetic source. This

will be the orimary theme of sections 2=6,

- -




SECTION 2= Qifficultiss_tncouptered_in_the_Ilransitieon_from__Jourcezbcee
Already__Unified__Eield__Ihegrxe._to__Alceady_Unified Eield IhegQry_with

2QULCes

To develop an "already unified"” field theory of electromagnetism
and gravitation that includes sources, one must first forego any

dependence upon the vector potential eguation F“V as shown

:Py;k_Aup/’
above; since it is tnis equation which, of its very nature, brings
about source-free electrodynamics. Thus, source-free electrodynamics
must come to be viewed as a specialization of electrodynamics with
sources, in the -~y special case where the
condition F“V= AVI“—A“*Y hLas been added. In abandoning the use ot~
the equation F'“V’—AV’“—A'*"V for electrodynamics with sources, a
number of related difficulties arise, all of which may be illuminated
oy a closer examination of eq. (11).

First, and of paramount importance, in the absence
of F“V:AYV“-A“Y ,the ternm Fuviv® Fuvriaw+ Fray- in ea. (11) will no
longer be iJdentically equal to zero, wnich indicates further tnat the
conservation of energy is, according to (11), no longer identically
assured., This 1is a serious problen, «hich forces one to consider
’ ) +hot do assule The convervaTion °:¢w€fjj)
appropriate generalizations of (11) - _
20NN N P e Sy ey St ST~ B PPt =S P .o ey

buT Thol do naT
_ .
viasttnaedENslaeeseenys- rely upon the condition FUv= AVIA ptt for




this assurance. Thus, one must look tor some sort of extended

Thal top
electrodynanic tern l-h plays the same role in energy conservation as
(seeln))
does the term F,w-,-,*-Fv,.‘M* P, v currently, but which is identically

- h-
equal to zero without dependence upon the condition F“‘": Av'“’/’i 1AV

In short, one must look for an electrodynamic analog of the Bianchi
identity (R“v - i§% R),u=0 . which can wEEsmslsy be connected
with ‘T“v;“ to assure identically that T“v-,«’~0 » but which does not
in any way rely uoon the supplementary condition (10) for the
tour-potential. This is the primary route along which the development
of electrodynamics with sources must take olace.

Second, the fact that the non=symmetric energy

components Ximw: F'WJT of the electromagnetic field, in a theory with

g
sources, is no longer equal to zero, causes the energy tensor | ig—-
. Threugh f(uﬂ’ron\c‘Ncn oF- 'ﬂnl nen — SSV\MCTH(

(AV":‘MC#‘ t(!‘h)' ($"“Q‘N (‘3)) <

&

(11) to lose its transposition symmetry,
Third, and also oecause X. 4~ 18 No longer equal to zero in a

theory with sources, the energy tensor in (11) will no longer be

invariant under a duality rotation. Note in the source-free theory,

since )(w.,w‘-F-nJ‘::Othat T“. vecomes equal to the Maxwell tensor T:;.,,,V :(*Q('b")(a))

which tensor is of course dualistically invariant. This Tee, need, Te be correcTed.
Finally, once the term F.rg-‘v* Fsvir + Rrr;w on the right hand side

of (8)(b) and (11) 1is no longer identically equal to zero, one must

begin to consider pboth charge and monopole sources, of both first and

develep a Theory ThaT teFlecty The wnetegqar
third rank (see (9)); and to mmj

SymmeTTies ) g
emlll» among all these varying types of electromagnetic source. ..

[ - o

As will pe seen, it is indeed possiole to resolve all of theée
ditficulties, all at once, by the development of an appropriate

electrodynamnic theory with sources. Further, it will be shown how the

¥

Ia




development of such a theory, as an added oonus, leads directly to the
consolidation of Maxwell’s entire electrodynamics, including sources.,

Non-linear -
into the sinpleAgeonetrodynamic equation R.w~0 .

] e




SECTION 3- Preliminacx_Revelopnent of 4dlceady_Unifieg Eield_Iheocy_with

2QULCes
In Einstein’s geometrodynamics, the field
A - - N
equation =X T i’ (R“v'l; “vR);«\ = 0O exoresses, among other things,

the fact that energy must be conserved; and it assures one that energy
will in fact be conserved, by associating the contracted covariant
derivative of the energy tensor,-rtnu, with the mathematical Bianchi
identity (R“v'§ “VR)"M:O ¢+ which 1is «xnown in all cases to be
identically satisfied.

For electrodynamics with sources, it is necessary to follow a
similar path, by associating T v m with some form of (dualistically—m—e -
invariant) electrodynamic term which, like the Bianchi identity, is
known in all cases to be identically egqual to zero. In eq. (11) of
course, T“,,u is associated with the term F"‘T(F,,v~,v+Fw.,4+ F-r..-,..-); however,
the identity of this term with zero is assured only when one has added
the supplementary condition F“ =AY - A“" (or tne four-potential,
which condition aoplies only to source-free electrodynamics. Hence,
this is not an acceotaole route to follow if one wishes to describe

) 0nd To GimulTaneous ! Ouserve enerqye
electrodynamnics with sour~ces,A Instead, it 18 necessary to base the
develbpment of electrodynamics with sources upon the association

of —ruvau with some electrodynamic analog of the dianchi identities,

which does not in any way depend upon I:“V‘A‘”“"A“bv ¢+ but which




nevertheless insures the identical conservation of energy in all cases.
To construct a generalization of electrodynamics that includes

sources, and which does not therefore rely upon the
. x . [TV VM Lyar” . .

condition F = A ~A to assure the conservation of energy, it s

helpful to begin by examining the identity:
\ "Ny Y *TC
3 A (st;v + Buris ¢ B‘rsw) - "Ave B =0, awn

which of course, holas true for any two antisymmetric tensors A ana 3
in four space. -6 In the further case where 8 is defined out of a

four vector V according to:

73"t

LM
B“vz \V -V , (20) v -

out__gnly__in__tnis__caser the identity ([F) will yield the two

sub=identities:

%

<
(a) B-r 5T = O
(21)
(b) BGVST + Bv'r*,c t+ Breyv ° O )

whichbof course, are of the same form as the wusual equations of
source=-free electrodynamics. (see eqs. (14)). Thus, tne identity (19),
which holds true even in the abpsence of an equation of the form (20);
and which further, in the presence of eq. (20) reduces to the form (21)
that characterizes source-free electrodynamics, will provide the

starting point for tne developmnent of electrodynamics with sources.

s




AA T
In carticular, aoplying (19) asbove to the field tensor F r it
is possible to form the four identities:
d =€ % t X0 J SR
i) A F (F:v‘n + Foays ¢ F-r!)v) Fos F 2= 0
(A) c
A 4 - T =
(id) %_’Fc-'('ﬁvn + 'F-v-v;,s t  Fax ;v) Fv€ F 3T 0
(22)
] b Toalnd) -
(i) ‘i*FCT(chn T Fv-r',! t F'ﬂ:'\') + Fve”F ;720
(B) - %
L - N -3
(id) = 'La Fc-r(" Fv\r-,-r + * er‘,‘ T FT?JV\ F-\rﬁ F )T O)
e
which, on application of the condition
F‘*”’_ VM wy v
= A A (23)

of source=free electrodynamics, will further reduce to the equations of

source-free electrodynamics:

* »
(A) FGv;v + er-,w + *Frt;v * 0

(24.1)

o

(8) F"v;-r + er;v t FTS",v

in third rank form, or alternatively:

<

(A) F .~ =0




(24.2)

A -
(3) F e =0

in first rank form, as expected. = [
idenTiTieg

Now while the apove wmma (22) may appear at first glance to

consist of sixteen independent equations, it 1is clear on further
identiTieg

examination that the two cxpsshensmss (A) differ from one another merely
oy a8 duality rotation of the second rank field tensor F“A’. as do the

idewtdrTies
two ewumsmiems (B). Hence, the two equations (A), and also the two
equations (B), are really just a renaming of one another. Equations (A)
and (B) however cannot pe derived from one another simply by a duality
rotation of the field tensor F“\r + hence these equations, (A) and (8),
are indeed truly independent, Therefore, egs. (22) really contain s~
total of eight independent equations. Fortunately, this §s precisely
the number of independent equations that is needed in electrodynamic
theory, and these equations will therefore be taken as the starting
point for considering electrodynamics with sources.

Now, because each of (A), and each of (B), differs from the other
by a mere duality rotation, it is possiole to combine each of (A), and
each of (B), into a pair of single identities; and, as a natural
consequence of this procedure, the resulting jfdentities will themselves
exhioit invariance under duality transformations F“V—B‘ Fuv of the
electromagnetic field. (This "dualistic” invariance is also sometimes
called "phase” or "3jauge" invariance, though "gauge® is misleading for
a number of reasons, including the fact that it is easily confused with

\r- - -
the very different invariance of F“"‘Avﬁu-hurr: under the "gauge"

transformation A“—b/\“q-/\s“ «) Furtner, contrasting (22) above with

17



the source-free (11), it 1is apparant for the developmnent of
) 3 wyv-
electrodynamics with sources, hence witnout F“7 = AY “- A , tnat
ma.g .
these identities (22) mmnbesheatsnbhe--emaslinammeemey oe connected, with an

appropriate constant factor, to the contracted covariant energy tensor

derivativé T'vi3aa o+ to assure the identical conservation of energy. In

rewnd il
other words, (22) di-l-ai-hfurnish-l the electrodynamic analogs of the
sianchi identitiess which are reguired for tne development of

electrodynamnics with sources, and the identical conservation of energy,
. . A 3 4A . o s .

without TFTYT=AYV>"- AWV . fhis may all be achieved by

connecting |“Lm“ with the identities (22), aporopriately compinea, as

follows: (contrast with the source-free (11))

S - < < .
(A) "X T ’(R&‘%SaRBsG
= X | & €7
~ ym (_ x F (FS@;? + F .6 T F-rs-,a) -#F’JRFT!;T
+ .}1* F€T (‘F‘“."r +*Fa1>‘,t *’*F'\'G)A)° F&G FTG;T]
- <) (25)
s - S <
X T e - (RB - 5%%s R):e
= X [ ) »pST
(8) o 2 F (FGB“T + FBT’;F + F"N';B> + FeckFTcs-r

! (41 _» <
- F (’ F!F&;-r + 'Fg-r-,v + *F-rv;@) ng F 5T

o .

Note again, as illustrated in eqs. (19) = (21)and (22)=(24), tnat these

y

identities hold true independently of the four=potential

Ay N Wy . . '
*"-A™Y ; and, in the presence of This CondTion ’

. . (V.24
condition F~ = -

that these equations reduce to the <corresponding equations of

PQFT\'(ulgr‘ imporTanT
source~free electrodynamics. !!!l-!;: &ecause of the connection of
N

I8




on-linar

it The ¢imulTaneous assurant€
these identities to | a4 in the above, we—afe—_assured —sisetHtameously

ThaT ewe will be idenVicglly comserved
M}M&MM ' P independent of the

condition F*V:= AVI* - A“Y  for the four-potential. This s
earlier
precisely what woaes required , for the proper develooment of

electrodynamics with sources, Wence we shall reqard eqs, (25) as owr preliminary dyemical
equaTiens oF eleeT cdynamics with sowrces,

The only limitation on the apove equations (25), while they
account for second-second rank duyality fjeld transformations of the
form F ?‘"‘F ', is that they do not yet account for first-third rank
source transformations, for example, of the form J =*J) or P ®*p .
In Section < s we shall examine how (25) may be further extended
to account for such first=-third rank duality transtormations, and how
one may derive from this extension the general connections between
second rank electronagnetic fields, and the first/third rank sources o$—" "~
these fields. The net result of this «~il! be the full integration of
the Levi=Cevita formalism into Maxwell’s electrodynamics with sources.

For the moment however, let ug return to the above equations (25),
to show how these eguations may in fact pe consolidated into the single

geometrodynamic equation Ru+w= Q.

Iq




SECTION 4~ Consgoligation_of__Electrodynanics__with__Sources.__iota__the

ugnmn:mnxnamin-EguaLiau-.@%!E_Q

To show how the electrodynanic equations (25) mnay be
consolidated into the geometrodynanic eguation Euvﬁ=0 r Degin Dby

rewriting the identities (22) in the following manner:

(i) FGTF<U‘>? - *FW’FT")T + 'E.F‘.?F'rt;v- =0
(A)
Gii) *F " Feny ~ Fus F™%« + P et O
(26)
Gy * Fﬁ Fevie + Fus® P + 3’F¢'F‘Wi"’.’ O
(B)

Gt I e S S -
(ii) = F *Fevin FeF in 2 F 'F-mv’O‘

Since each of (A), and each of (8), differs from the other by a
simple duality rotation, it is appropriate to combine each of (A), and
each of (8), idinto a single pair of eguations, as was done above for
eqgs. (22). Once this has oeen done, using the
identity FC‘FTG + *Fr7*§;1g=-0 ,-8 it is possible to derive from

(26)(A) the following identity:

20



é[FcTFsv + *F(}F“’—]s’r

(A) < (27)
T
F ch;-r + ¥ FCT* Ff\f'aT

eT * r ~C
Fw«rF P g T FSV F Ty-r

It is further possiole, directly from (26)(B) above, to write down the

identity:

(B)

\ * = - ¢
-’1[ F F-rQ‘,v- - r *F‘TS‘,\Y—]
- (27)
ST * €T
LF "Fev - *F F“’—l')T .
Then wusing the didentity (27)(A) to reduce (25)(A); and the

(ch\Tras" with The Sourt!-cr"
identity (27)(B) to reduce (25)(B), (25)(A) may be reduced as followsA: D))

Te = i[5 F (Fyr + Farss + Fagsa) - *Fus’ F™54
+ £ F°T ("Fair 4 *Forys + *Fresa) = Fas FT',T]
‘trin[ P Fur e - "ReYF™ . + L g7 Fre.a =
5 Far® - FasF™,« 4 4 *ET “Freia ]
(A) G [ F Farse 4 TET R
“FarF* ¢ - * F-w*Fﬁ-,:]
“a [ A (R « "F T RL]

""5. [ F" Fox 4+ 'Fr' ’Faw_l] -

[O_J;c = 0 3
and (25)(B) may be reduced as follows:?

S
T e -‘f"{.!:\*Fh (Fes;r + Foryw + Frey a) + FestF e
“S FT(*Fgr +*Forwt Fasie) ~*Fae F™v )
- ‘%ﬂ [*FFTFBT'.G' + FBT’F“;' + L RgeT F_‘,‘;g
-FGT‘F'T)" _*FBT FGT}G - "'x FGT‘F-‘»stj
- '-!Lﬂ [ (‘F‘TFBT);Q - (Fﬁ“FBT);G
4P Freig - "zFﬁ*Frc;a] (28)
“ar | [*FSFor = FOT* For
S F T R - Fﬁ'ﬁs«]];«

(28)

"

(B)

—
O
-
d'l
o



The net effect of all this, is that each of (28)(A) and (8) apove

may covariantly integrated, and then, via the Einstein
LY { “
equation ‘XT“v‘ Rv=-3%+vR ’ comoined into the single
gm-linu_."

geometrodynamic egquation:

RMV-; O . (29)

A

Thus, o0y basing energy conservation in electrodynamics with

sources directly upon the the connection of’Tﬁq~.with the identities
0 shuwn i, (a5) -

(22) appropriately combined'A in the very same manner that energy
conservation in geomnetrodynamics is based uoon connection Of.TﬁA“ with
the Bianchi didentity (R*v'%SﬁrR);«f‘o ¢+ one is assured, even without
the supplemenatary condition F“V= AV A, that energy is
identically conserved; and as an added feature, that the electrodynamic
energy tensor itself is identically equal to zero, ie., that va=().

Thus, all at once, one can assure energy conservation in the
theory of electrodynamics with sources, without depending on the
condition F“: Av“‘\’huv involving the four-potential; one can restore
the dualistic invariance of the energy tensor~ruxrunder second rank
duality transformations Fw“ﬁé*F”"rof the electromagnetic field; one can
thereby deduce the aopropriate symnetries between charges and
monopoles, and between first and third rank electromagnetic field

N

AN
sources; one can restore the transposition symmetry of T s and as an

LV
added bonus, one finds that this Symmetric energy tensor TJA may be

A%




gescribed by the very simple geometrodynamic equation Rnarz C). Aside
from the fact that it still remains to consider first-tnird rank
duality source transformations a bit mnore thoroughly, this solves
directly all of the difficulties noted in section 2, for the transition
from source free electrodynamics to electrodynamics with sources.

The consolidation of electrodynanics with sources into the single
relativistic equation Rurv=0 , therepy yields a significant non-=linear

simplification of electrodynamics.

e — -
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SECTION 5- [pntegratign.of_Lexi=Cevita__Duality__Squrce__Icansfaormatigns
Consa wenC
' - » v N -
Intao__flectrodynamics__with__Souccesi__and_Recivatiga_of _the_Conngctiaon
N

nexueen_Eielas_and-ﬁnunnes

At this point, while the electrodynamic equations: (see (25))

nr w
3 F (FMO.;T + Fovsu + FTMK&) - F.thﬁ-,‘-

o + ‘L-;.’FW‘ ('Fua'n + *FA'HM + .FTM&) = Fax F(:t = 0
(30)
Tl1““:"\1'((‘1«93? + Farsu + F'r«ss) + For” Fﬁ;"
‘8 -3 E% (‘Fuan- +*Farym + *qum) -.‘FBT F“P;t =0 —
o

imply the geometrodynamic equation:
Ruv h O by (31)

as shown apove, the above equations (30) are not yet the most general
electrodynanical e3juations which in fact imply RAV‘O. In other words,
if one reverses the logic used to this point, and now takes R..> Q es
the starting point for describing electrodynamics with sources, then
the equation Ruv=>0 itself implies a set of electrodynamic equations

which is actually broader than that shown in (30). Tnis is particularly

because, as was noted earlier, while (30) indeed accounts for all




second rank duality field transformations of the formn F"‘*F ‘ r it
does not in any way account for first or third rank duality sgurge
transformations of the forms J")"'J and P—)"P - In other words, if
one considers the more general set of duality field and source

transformations:?

.4 S¥A
(a) *Br:® 3 €cmrar B
(o) *Avr * T Ervr ASA (32)
3
(c) *Bw-\, = ||—|. (’.@T“‘VB

associated with the Levi-Civita formalism, then while (30) above does
account tully for duality transformations of the form (32)(b), it does
not account in any way for duality transformations of the form shown in - -—
either of (32)(a) or (c). Further, while eqs. (30) do describe
electrodynamics with sources in terms of the field tensor FMA( ¢ there
has not yet been any connection drawn between fields and sources; ie.,
there has not yet DbpDeen deduced a general way to describe
electromagnetic sources in terms of electromagnetic fields.

To rectify these difficulties, consider the above transformations
(32), along with the various relationships: (A is an arbitrary

antisymmetric tensor)

A[SA

-€ éu\r'rv =0

8sA
Sa wvrTe

ats§ agt®

€ 5 s = 018 s 11855

- E“G‘“Euv‘rs = 0! 8“3:518 = ” ‘.:v’( = l' SAEV’

S e e e 008 s 118 e 21 8N = 3180

- €S crgg = O! S enys 119 cra =285 = 3! $% -1,

(a)




8% A
Sa W T Aasch = va-rn

£l-

Y Su‘;«v-r ass = Awvr
(b) ";Ig S*GW aa © Aunr

L 6% Ae® Aw

o oA A

and hence
(¢) S‘l)

of the Levi=-Cevita formalism.~10 From (32) and (33) above, it is

possible to deduce the generalized identity:

-
A‘UT B + ’!1 *Awr * B?w\r = O ) (34) —" "7

which applies to any arpbitrary antisymmetric first, second and third
rank tensors, A and B, in spacetime.

From this identity, if one substitutes F for A and J for B8 in
(34), and then subjects (34) to all oossible duality transformations of
both the second-second rank form F>%F , and the first-third rank

From (24)

form J"’J ¢+ then it is possible vimmsbems to deduce}\ the following

set of identities:

M Fard™ + 3%F* 00 = O

WD Fat9T F AT 0rua = 0
(A)

) L S L g %F“?*\)v_““‘: ’O
() * Fpt )7 - SFT 0 ke ® 0

(b)




O T | e
{(‘) FBY Joo- EY F ‘-\)TMB * 0
(a)
G *FBT’\)’ = J‘-LF‘LT Jrug = O
N BT | LrpnTa (&
(o) é(') For J ATFT N 0
: * (o » W
G - FarJ™ - 1°F T.)’*r»&" 0.
Note in the above, Decause J*’-i,F‘*Qc (half of Maxwell®s classical

~see (S)8)

. . LT
equahonsA). that we may also define J = on

(8)

*F‘.';g- ¢+ such that tne
transformation F3™F implies a sinultaneous transformation of the
form J'*.J' . It 1is very important to realize however, that J~ is
nat the same as ) ’ since"F‘T;‘— is not the same as *(F‘T-,t). (’F‘-‘c
actually 1is the sane as(Fﬁ);c—, though the parenthesis in this case are
excluded for notational convenience.) Therefore, for instance, note
that **J=J , but that J*T==J . e
Now while (35) above may appear at first sight to present 32
independent jdentities, one should realize on closer examination that
there are réally only ?ight independent equations in (35). This is
because, within each of (A) and (B), the subset (a) differs from the
supset (o) by the second=second rank duality fiela
transformation F >®*F  (hence J=J¥ ); while each equation within
the subset (a), and within the subset (b), differs from the other
equation in the subset merely by the first/third rank duality source
transformation J-P"J . The -equations in the major sets (A) and (B)
however, cannot oe directly derived from one another by any form of
duality transformation. Hence these egquations are truly independent of
one another, and one therefore finds a - total of eight independent
equations embodied in (35) as a whole. This is encouragings Ssince we

know again, that eight is precisely the numnber of independent equations

A7




reguired for a complete electrodynamic theory. Further, since (30) also
consists of eight independent equations, out since (30) is written
solely in terms of fields while (35) includes sources, one would expect
some sort of connection to exist between (30) and (35); and from this
connection, that it should be possiole to derive the more general
relationships between electromagnetic fields and sources.
Consequently, following the path oursued earlier when only
second-second rank duality field transformations were considered, one
(63}9] (3>
may combine all four ofA(A) together, and ail four of  (B) together, to

form two primary equations, each with four independent components, in

the following manner:

. F&T(\)’+’Jq> + »F&?(d!‘?‘.’tdr'r} e -
+ '\i* va(k)"“ + #JT““) - .'1 F“T(d‘-‘-uai' *\)'TM) =

O

(36)
*For (37+°07) = Far (UFT+ *)"7)
= %.F“T(\)TMB +*\)~n«a) - "5. “‘FNr <k)‘*r~\s “’“)“TN) 0 .

Once again, as a natural consequence of this procedure, the equations

(8)

(36) themselves will pe fully dualistically invariant, tnis tine, under
all of first, second and third rank duality transformations, of both
fields and sources. Ihese are also the equations which, through the
conservation of energy, one would expect to ultimately link with the
geometrodynamic conservation equation‘TﬁnA=0, as is normally done with
the Bianchi identity (R*v~% §"wR);u =0 .

If we now go back to (30) and recognize that this equation does

weC

notﬁ\account for first=third rank source transformations of the

28




form J"‘d » and from (36), that such an accounting ultimately
regquires (30) to be rewritten such that all terms of the
torm ;yf= éth*3€- are replaced by terms of the

torm (J"'-ﬁ—ﬂ)"’)% #,,(Fc"'.“-f*(ﬁ‘;g)), then one is led to rewrite (30) in the

extended form:

Fax (Fs + F°%8)) + *Fac ("F o + ¢ Fﬁ"‘»

A) ‘ "~
( -3 "F TY_('FM:T ‘**Fa-r-,u t "F‘t&\;A) + *<‘FM;T" ’Fm",u + kF-ru,'a)]
b R )+ s 0] - 8
(37)
8) *Fcf (FCTW + *(Fﬁ‘.v» - For <* wat + *(* Fﬁ‘ﬁ)}

) T L2 *
+3 P Fugir + ¥ Famu + "Fruga) + (" Fugie ¢ *Fary s *F'“‘:Bﬂ T

“%*FWL(FWH + Fﬂ'r;« + F‘t«}&) + *(F“an t FBT}‘* ¥ F"“:'B\/J - 0 ¢

Since eq., (37) is an identity based strictly on the second=second

. . [TV o . .
rank duality transformation properties of F ¢ and since (36) is an
independently derived identity based on both the second=second rank

Fb“r and the first=third

duality field transformation properties of
. : . g .
rank duality source transformation prooerties of () ’ Llwuq, 7ot
should now be possible, given the aporopriate initial connection
petween fields and sources (such as Maxwell’s classical "charge"

. - ] . .
equation Ow‘&ﬁFZng ») to derive a full set of connections between

fields and sources generally, from a direct comparison of (36) with

(37).
. . - . T - ! ST
Particularly, if one considers the Maxwell equation t) ™ o
andg if one defines the monopole four=-vector according
v s .
to PTEJ" * qn*Fﬁ'.)w + which means that monopoles are formed by a

29
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Secend rank the Felds Fram whith en&congTradly
90 degree counterclockwisehduality rotation ofAchargeSr then the direct

comparison of (37) with (36) allows one to derive the full set of
connections between the first and third rank sources J and P of the
electromagnetic field, and the second rank electromagnetic field F'

itself, as such:

(i) L)T: = P,T = ﬁn F:T-,s"

(a)
- - n* ol ML
(1) Qv = Powe=dn ( Fww*vo;T\\vow)
. T . L N T ¢
(i) P = \) ' F X
(b)
Y - 1 » e
(id) P'ru-v-~ d-ra\-v- T oun (F‘?M‘,V"F“V;? ¥ va;“) -
(38)
: *
R M i (F™v)
(c)
(ii) ”L)TU\'U' - = P‘tu'\r qn( F‘PM'.V' t FM‘V';T A g F\IT}M
LK - » . L R xpST
(i) PT ‘*\_) T T (_ F 355
(d)
- - |
(id) J"P.“‘L.\,, - ‘l)"'cuv - .,_T" (F‘,‘M}'\r t+ Fo\-v;‘t + F\rt;uy R
From heres, one may work backwards using (38), to rewrite (36) as
such?
T, % \T £
) Fccr(\.) + \)) +*F¢»?(PT**P>

FEPFT (ra v *0rwa) = AFT(Praat *Prue) = O
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(59)

%Far (O7+*97) = Fac (PT+*P7)
-%F“T(\)‘rw‘s+*J-r«§) B .;l*FhT(P‘N&Q +*PT“‘5) 0.

(8)

As the above accounts fully for both second=second rank and also
first=third rank duality transformations, it is the above that is in
fact the mnost general set of electrodynamic equations consistent
with RMV‘(). That the above equations (39) and (38) really do

imply Ruv‘(} can be shown through the same 1line of reasoning

developed 1in section 4, wherein all terms ot the form g’ are simply - -—
replaced by terms of the form ;)-b") .
85 shewn cerlier ' .
Thereforﬂ( one may proceed : to consolidate both of the

above electrodynanic equations (39), 1into the simple non=linear

geometrodynamic equation:

Ruv = O . (40)

The respective equations (40), (39) and (38) above, are simply the
equations (1), (2) and (3) which we ©oosed at the outset of the

introductory discussion, as the primary equations of already unified

Cield Theory
m with sources.

3




SECTION b= JQo_the_3trength__and__Compatapility__of__Pure__Grayitatianal

Geometrodynamics.and.flectcodynamics_with_Sources

In the introduction it was indicated briefly, when eq. (40) ie.,
(1) is considered in lignt of geometrodynamic energy conservationy, and

eq. (39) ide., (2) 1is considered in light of electrodynamic source

conservation7 that these egquations determine their respective 9“-

and F‘rv fields with orecisely equal strength, ie., that these
equations (1) and (2) are absolutely comoatable.
nhile the mathematical derivation of the equivalence of these

equations s now complete, it is important to show from a more general

standpoint, why these two equations (1) and (2) truly can be rogardtﬁ""’m

as formal equivalents of one another. To do this, we shall digress here
to compute the "strength™ of each of these equations, following the

identical sort of calculation used by Einstein in his final oublished

paper, Relativistic Theory of the Non Symmetric Field,=-ll which, in pacT

demonstrated tne compatapnility of Ruv=>(Q with the source free Maxwell
equations FG?BV"O i Fuvie + Fonut Frau = 0 . We do this
pecause, regardless of any derivations given to this point, one cannot
really regard (1) and (2) as equivalent equations until it has been
shown, with all factors considered, that these equations really do
determine their fields with exactly the sane strength.

Ne begin oy examining the geonetrodynamic equation (1) for the

3




pure gravitational field:

Ruvv: O. (41)

In a general relativistic theory, one starts the computation of
strength with the symmetric metric tensor 3Unr r which furnishes ten
independent components of the gravitational potential, of zero order in

the metric, and nhence “)'(i) independent coefficients of nth order,

|
wnere ()= (GLH . The Christoffel
n'3'
. ‘ - c -
objects [ o = 13 1(3_‘“‘?* 3'\”’“ - 3“\’”) furnish forty
more jindependent components of first metric order, and

hence YO (h 1) independent nth order coefficients., This 1is to be

reduced however by the Y- (;n¢1 free nth order coeff,c,entsS;ii;,
danS
associated with the pernitted transformationsi“‘b‘

of the four coordinates, in a generally covariant theory.

At this point, the dynamical equation Ru~ = O , which contains
ten indepéndent comoonent equations of second metric order, reduces the
number of free nth order coefficients by K)'(;Ll) 7 while the
eguation ‘3‘“"’;‘. = O r which contains forty independent components of
tirst metric order, reduces the number of free nth order coefficients
oy Ll()-(:“> + thereby <cancelling precisely the freedom of the I"IW,

Finally, the Bianchi identity/energy conservation equation:

-)(TMV',« - (Euv __l_‘suv R)‘,« = Q 5 (42)

which contains four independent conditions of third metric order, is

already idncluded within R“V‘O. Therefore, the H:(nq_3) free ntn

33




order coefficients associated with this identity are to be subtracted
from those associated with RW‘O .

The net result is a total of

z: [\o-(‘r'\) v w0 (o) - q°(:“)-}
- Lio-() r 0t -+ ()]

OScecia¥ed itk R~ 0 |
i

(43)

tree coefficients n a generally relativistic theory.

setting Z~(i\[F* -S'-;—J + where F is the number of free
functions of the spacetime coordinates and S is the strength of any

given system of equations, one finds asymnptotically, for large n, that:

Z~ (%) [ 10 + uo-(1-3) - u- (l*%ﬂ
‘(ﬂ [100"%) +‘i°'<“%)“—\(“%)] (44) — "7
= (W) [o+ 3]

F must.oF vt b tqual Te 2ere in AR “Cwnrlt‘ft' SjiTln cFQ‘uTlcns.
rni Smsigmecwgmms, the strength of Ruv=0, 1in a general relativistic

framework, is?

S" | . (45)

0"".3;“‘“3 (l))
Ne turn now to the electrodynanic equations (39),Auhich are

reproduced here for convenience:

For (JT+707) * *Fax (P74 *PT)
*'%ﬂ‘Fbvt(\)f““ + *\)TMOj) - %1 F‘AT<lP7u¢‘*'!P1ua) = ()

(A)




(46)

*Far (0T+707) - Far(PT+*PT)

(B8) \ ~ - | T L
4 rma s POrse) - AT (e *Red) <O

While the above certainly do not look at all like Puvfz() ’ it turns
out that the above are of precisely tnhe same strength as R..>Q , as
will be demonstrated below.
. . . . w .

Particularly, the antisymmetric field tensor F furnishes six
independent components of 2zero order in the electromagnetic field,
which, in cartesian coordinates, are simoly ¢the x,y,z components of
each of the electric and magnetic field, Thus, one begins witﬁ’ﬁ’(t)‘
free nth order coefficients. The eight eguations (46), which, Decause

(oﬁ'sl’hﬁ) (1\) ) 4

of ('58),A are of first field order, reduce by 8'(“_1) the free

coefficients of the field itself. This equation nhowever, already

contains the two scalar conservation equations:(godﬁmft\dﬂx h))

)
(a) J Yy = ()
47)

¥ o » » -
(b) ‘ Pquv;& - PMVBLQ + PVBA‘,M = Pgau',v - O
Tthere ate @ number of alterwat ives te ("ﬁ)
for first and third rank sources, (note that . T differhg
from the above by a mere duality rotation of either first=-third or
whidh
second=second ranks andA need not therefore be added to the above for

computing strength) anu 1wt these are of second field order. Hence,

the nth order free coefficients associated with (46) are further

1Y




Yy
reduced, by the amount A°*{ -2 )

All tolled, one therefore arrives at:
- y y 4
L= Q( n) - [3(n-1) - 1(*\-13] (48)

free nth order coefficients associated with (46), which may be reduced

asymptotically, for large n, to:

z~(‘;)£<, - 3(1-1) +1('-%3__I
(W) Lo+ 3],

Hence, for the system of equations that includes (46), the strength is—" "

(49)

also given by:

S=12 ., (50)

Consequently, w~hen the geometrodynamnic gquation (41) is considered
in light of geometrodynamic energy conservation as given in (42); and
when the electrodynamic equation (46) s considered in 1light of
electrodynamic source conservation as given in (47); it is found that
these two equations, (41) and (46), hence (40) and (3?), hence (1) and
(2), are of exactly the same strength. In other words, from a general
rejativistic standooint, these equations are absolutely compatable.
This points up the true significance  of Einstein’s "surprising”
finding, in Relativistic__Iheocy_gf_the_Nopn_Symmetcic Eield, "...that

the gravitational e3juations for empty space determine their field just
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as strongly as do Maxwell’s [source=-free) equations in the case of the
electromagnetic field." =12

The above computation of "strengths,"™ in addition to the
derivations given in sections 1-5, furnishes convincing evidence that
equations (1) and (2) really can bDe regarded as the same dynamical
equation, and it allows one to conclude with confidence that the
entirety of electrodynamics with sources can indeed be consolidated
into the single non~linear geometrodynamnic equation Rm,“—O. As a
result, RM\,—"O pecomes the primary dynamical equation of already
unified field theory including electromagnetic sources; and it provides
the global starting point for all subsequent discussions ot
"geometrodynamic electrodynamics.”

This concludes the derivation of electrodynamics and alreadyp—— """
unified field theory uifh sources. Attention will now be turned, in the
next three sections, to examining various specializations of ¢tnis
theory., In section 7, we examine the electrodynamical version (2)
of R“V=0’, transformed into the extremnal electric frame of reference
via eq. (4). In section 8, we examine the source-free reduction of (2),
via the potential condition F“V= AV*-A"“Y ot eq. (5). In section
9, we examine some other special cases of interest, as given by egs.
(6). Section 10 is devoted to a brief discussion of topology, (egs.
(7)) and of possible topological approaches toward the quantization of

this classical already unified field theory.

37




SECTION /- Reductipn_of_tlectrodypnamics_aitb._Sources__to__the_ _Extrcemal

Electric Erame_gf_Befecence

To arrive at the extremal electric formulation of the
electrodynamnic equation (2) with sources, one substitutes into (2), via

(3), the usual transformation egquation:

-
Fu - Q‘MEM’— (51)

Vet oa. 4.
Following this prescriotion, eq. (3) nay be reduced to:
[

(i) dr = C*Q[%? * '-Lm*eﬁa'r’.,

(a)
(11)  Jqew = e*q[(a‘rfv- v (e e ¥ Cov By + Enn a«‘)]
iy P e (P - Eﬁ(lw—__l

(b)
(i) Pug® 0 [ Poenr * 207 (g O+ ¥ Exvly + " Enr acﬂ

(52)

(i) *J‘? . e*«[aaﬁ‘ . ‘_%w* ;Cﬁ _ty]

(c)

6 * Jrew® €7 Bver * bp (B # Cov ta + €urte) ]




@ 2P e [P - & (€T

a
(id) * PT“’: e* [*:P-rcv + I.,Ln ('61"&‘\' + *E‘vaw <+ *(\mas)} >

(d)

where:
-y LA B P | 2
(i) % =P et
(a) ) " 0 s/ . R
(id) 9“\:' -:P-mv' un ( E-rc;v + Ceuse t €v1)‘

(i) :P‘ 2 9*3 : f:'n*gr".r

(b)
(ii) ‘:P'rﬁvt 91€\r = qn‘(e-rc,v + Q\'vn + £v‘r 1’>
| (53)
w g P (e
(c)
(ii) *BT“’: -4" T‘Vl (E-rv,v ’€‘vn "”Ev-r-,c)
(4 ’“PiP*U caCES)
(d)

& R " : i )
(ii) <€~ 91'?-\: 4w (é‘r‘;v"'{-“’a**iv«36>.

Then, substituting (52) above back into eq. (2), and recognizing

that the first rank duelity operator * may be distributed according
* ) Y Waka ) : X ~0 - e .

to (‘6 a'\') - ( .&‘r > (£ a'r) - { * a-r !
* -

and (€1€av+ (tv A~ + Eu»'r ai) = ({15'av + Esv’o.., + €\r?’a‘) 3
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*C‘{TVav + *éh’a** *e‘_?av) ;Q"C-\-‘*av +*CevTx *‘(",.a\:ler‘e *a'r < (a'r) ,

(as opposed to (*Q)y ), one arrives at:
E“‘(9T+*ew) W &;(P‘”P‘)
AT (Gren t "hree) - 4 €T (Pram + *Pren)
+ n uw’e.v‘(a'\"“*a"\ - fiﬂ*ga& iﬂ'<a"* *d*)
+ _8LTT* 6‘1’ [.£TV (O.*'Oa) + Eeal a,+"af) + Ear (07+,a')]
= %n "E_cT [‘{ﬂ (Gn"*au) +*Csa (a-r**ﬂ-t) + P Cr (a'**a')] =0

(54)
" (470 - G (PTe9T)
-5 (Qwa +? Q-rﬂ) - 3% (Pw. + *Pres)
@ Pl (et T 0r) 4 dn Eas £ (v s?a5)
“ it £ L (B 7ae) * Cen(Ber®a) + €4 (an’a.)]
= et €T [P (00 +700) +*Cer (A +*0x) + 7o (Ger¥a0)] = O

Jhich ave The exVremal elecTric Formy[a¥ions of
TEEsapEEREpaglP¥h  (2) (A) and (B) respectively. It is interesting to

(A)

- -

note the presence of terms with the form a.r+"'a., in the above, in

adaition to the expected terms with form (a +*0 and ?-f*P

In (54)(A), each term on the thirds, fourth and fifth lines

L2
vanishes identically, due to the extrema’l identity *(T QQ‘.z 0 =13

In (54)(B), the term on the third line is cancelled identically by the

combination of termns on the fourth and fifth 1lines, with further

€ v
assistance from the identity {_ E-,cw- 'E‘T"Cf:*o « Therefore,

(54)(A) and (B) reduce simply to:

4o



Ear (D7+*0°) + " £o(F°+P")
+30¢°7( %ﬁa**%-ﬂsa} -4 E"(;p_r“ +* Prsa) = Q

(A)

(55)

"Eos (§T7)7) - Lo (37077
5T (frsat M) - 47T (Pron + 7 Prea) > 0,

(8)

which is of precisely the same form as the original equation (2), out
with each of F v l) and P reolaced by their extremal electric
counterparts E v a' and 13 . e

Thus we find, in electrodynamic theory with sources, that all
terms involving the complexion gradient (R cancel identically fn the
extremal electric formulation of both equations (2)(A) and (2)(B). In
source-frée electrodynamics, as we snall see, the situation is
different. Ahile all terms involving Om« will continue to cancel from
(2)(A), these terms will pgat <cancel from (2)(B). Thus it will be
possible in the source-free theory to obtain an expression for (QAu in
the expected manner. As we shall see however, there are some important
differences between the usual source-free expression for (Qu 2and the
expression for (aw to be obtained here.

We turn then, to the source=free, extremal electric formulation of
the electrodynamic equations (2). IT is here TLE wa V“AJ dlruTIj
COV""’VQ Wwhat hay beew Jderived \M,rv.) with The Curr!v\'rlj o.w‘s'T:nJ

reculy¥e oF Source - Free 6\"‘26\4] uniFied ;IQ\J Tl\(.rj‘
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SECTION 8- TIne___Source-Eree.. BExtcenal___LElectric___Eormulation.__of

Elecirodynadics_witb. SQuULECES

(56)

At the very outset of the discussipfi, it was indicated how the
supplementsery condition F“V=AV;“-A“3V for the four=potential is
directly responsible for bDbringing about the vanishing of sources in
source=free electrodynamics. Conseguently, to assure energy
conservation, and for other reasons, it was necessary in the
development of electrodynamics with sources to discard this conaition;
and to develop a theory which could stand independently of this
condition. It was however noted that the real use of this condition,
once an aopropriate theory with sources had been developed, should be—" "~
for the purpose of reducing back from electrodynamics with sources, to
source-free electreodynamics. This of course, would furnish a ready
comparison between the theory withﬁ sources developed here, and the
pre=existing source free already unified field theory of Rainich. It is
this reduction that is the object of the discussion following.

The actual reduction that takes »olace in eqs. (2) and (3) by
virtue of (56) above (originally eq. (5)) 1is really quite simple.
Substituting (S5) 1dinto (3), all of the third rank sources reduce
immediately to zero, as is easily seen; and as was snown earlier, (see
eqs. (19)=(21), also eqgs. (22)=(24)) this torces all the first rank

sources to zero as well. Thus, through this condition (56) for the four

Ha




potential, one arrives immediately at source-free electrodynamics. As a
result, the pottom lines of (2)(A) and (B) may each be eliminated, to

yield:

"

m Fas (U7 +*0) +*Fusc (P5+*P%) = 0

(57.1)

* w ¥” v) - e * A
(B) Fev(J +*) Fac P+ P) 0)
or alternatively, 1if one wishes to w~ork with third rather than first

rank sources, one may write:

(A) ll*Fc?(\)ﬂa'f ’\)?Va) - {:\ Fﬁ(P-rva**vaa\ = 0

— -—

(57.2r
‘ < -
8y = 13. FcT (\)T"I + '\)'t“\)‘ - !i*F N (P'tct +* Pwvi) - O’.

The advantage of this procedure, ~hile each of the 16 sources in
(57) is fndividually reduced to zero oy F“V= pVI%. p“iV” » is that
(57) nevertheless shows a total of only eight independent
electrodynamical eguations, which is as it should be. This is opecause
(57) aiready combines all of these sources in such a way as to
eliminate any duplications due to a nere duality renaming of fields
and/or sources. In other words, dualistic invariance is already obuilt
into eqs. (S7), hence there is no further need to concern ourselves
with the dgr)‘écigtongp Jas, 1< dMl‘ﬂ'f}. Tthqﬁ-inj,

The extremal electric formulation of the above egqs. (S7) may be
deduced with the help of eqs. (51)=(54) from the prior section. For

first rank sources, from (57.1), this is shown to be:
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B B () ¢ e (3 rept)

(58.1)
@ T o0 +%00) * § 5 [*€ee(f 207 - Eas (BT P )]
'rrom (57.3)
and alternatively, for third rank sources,Athis is shown to pe:
"3 er
(4) l’.)_*ﬁ T(%"’“\"‘*QT‘&) - %\E (?-rta +*:P-rwa) = 0
(58.2)

(8) Tm: e <(1‘r + "‘aﬂ h {'t' [_E‘?(G'N&**an) + *E“(Pﬂe «* P‘N!)].

In either case:

~

Tom o

1}

- S.L'n'[: FTngc + »Fﬂt th_] L—_
B J"n S-_ E.“e;v + "Ew’ga"‘] 5
pecause of the well know invariance of the Maxwell tensor.rlh~o under
duality field transformations of the forn F>%*F . -4
Note, unlike what happened in the extremal electric formulation of
electrodynanics with sources, that the complexion gradient (.. does
for Gencre-Free elecTredyynanics
not drop out of both exquationiv While “all terms involving (., do
continue to cancel out of (58)(A) as expected, these terms do not
cancel from (58)(B). Thus, in the source-free case, one can indeed
deduce a definitive expression for the complexion gradient, asexteﬂ!4.
From herey it should be possible to compare the source~free
extremal electric equations (58) with the known extremal electric
equations of Rainich’s source-free already unified field theory.

Particularly, using the equations (58.1) containing first rank sources,

by




it is expected that (58.1)(A) should correspond with eg. (67) on pg.
251 of Wwheeler’s Gepmetradynamigcss and that (58.1)(B) should correspond
with eq. (70) on pge. 252 of the same reference. The only difference
should be the fact that first=third rank as well as second=second rank

duality transformations have been accounted for here, with the

Y 3 G an®
consequence that % is replaced oy 8‘*’*%‘ ’ qD by?""P

ana A+ oy G+ +*0+ .
. ) ANE =D°
Starting therefore with (58.1)(A) and ignoring the terms G r'P
and *ac that have been added here, one finds that the corresponding
equation (67) from pg. 251 of Gegmetradynamigs is rooted ultimately in

the non—-extremal equation:?

Fo& \)T + * Fus Pv
=jﬁ(ﬁvaﬂv+ *Rﬁ*széj.

(60) r—r—— """

v
Particularly, using F“V=E.MG_ r one mnay deduce the extremal electric

(Reeally Eo®ET°20, and make vse o (27) ani ()
formulation of the above thus:A : !

i (€ € ¢ P67 ) o
N
= r'l‘ﬂ‘ (EOSE vt *ﬁas*ev';v (61)

2 EaefT f TELP = O,

1)

The first 1line of the above is indeed equivalent with Aheeler’s eq.
(67) on pg. 251 of ¢the cited reference, while the ¢third 1line,

1 1 3 \J < < <
once % **e» and _‘P + *P have peen substituted for 8» and ?

respectively, is equivalent with (58.1)(A) derived here. Hence, for

beTween The resulls here, and
this equation at least, one finds a conplete agreement, the results

ot . Rainich’s source=free already wunified fiela theory. The above

bWe




states, in essence, for source-free electrodynamics, that the Maxwell

tensor (59) is conserved seperateiy from all other energy tensors.
Moving now to (58.1)(B), and again ignoring *ei— ,'PG and "0«

one finds that the corresponding eguation (70) on pg. 252 of

Gegmeatragynamics is rooted in the non—extremal:
& < 19)
FBE J + Fee P
t - -] * .S -] -
= ?ﬂ" L FB‘ F'\-" vt FBG F i 0.

v_ M0 . .
Using f:“ = e {f“rto deduce the extremal electric formulation of the

(62)

above, on arrives at:
\ S - ~®
~?w(*€. *Ees ¢ E.sc) K~
<
- %‘I‘TSVG E. TEG-V a~"

ecT

(63) i -

1
1

an (Clae v + Ee* )

i Q—e + f.e.v:pe.

while the third line of the above is equivalent with Aheeler’s

eq. (70) oh pg. 252, the above eq. (63) is ngi in any way eguivalent

with eq. (58.1) derived here.
In particular, while the source-free extremal electric equation
(63) is rooted in the non=-extremal (62), the eqg. (58.1)(B) derived

A <
here, neglecting *Qs ,*'P and *a r 1is rooted 1in the

non-extremal: (contrast with (62))
" < )
FBS' t.) - FQG P
{ L 1 Vs -
= GWY_*F« F o = Fas*F ‘3“_] = 0.

The extremal electric formulation of the aoove, usina F*V=e"%¢“" ,

(64)

is therefore: (contrast with (63))
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- zGLTI’ (*Eve*fbﬁ‘ + é’vq£gs) Cl«r
- ‘1T"‘B (O Z:-'IT <* EBG g,v",-\r = Egg*evw;v’) (65)
*Eevgq - Eac‘:p‘,

The only difference therefore, oetween the known equations

21

(62),(63) of Rainich’s source=free already unified field theory; andg
the eqs. (64),(65) derived here, is the fact that the term Fms‘fr is
subtracted from *Fns\)v in (64); but tEEt—ibeba added to This Term in
(62). All other differences are a direct consequence of this sign
difference.

The gquestion then arises whether it is eqs. (62),(63), or egs.
(64),(65), that are really the correct eguations. o T

One of the regquirements that has been pursued thnquhout the
development here, is that the equations of electrodynamics r?tain their

beTl, awd
invariance under duality rotations of ouimsiear fields W sources. In this
manner, one may elininate any duplication resulting from mere duality
renamings of fields and/or sources; and one’s attention 1is thereby
restricted only to those eguations that truly are independent.

Egqs. (60),(61), which are in agreement with both the known
equations of source-free already unified field theory, and with the
results derived here, are rooted ultimately in Fﬁ‘)‘}*FﬁcPv‘-O .
Upon the duality field transformation F“V-> *F“Y |, gne finds that
this equation transforms into itself, ie., that one recovers the
original eguation Fagd‘-f*F&vP‘.: QO . Consequently, we say that this
equation 1is “dualistically invariant," at least under second-second

rank duality field transformations. If, oer chance, one were to replace
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this equation with Fa‘JE—*Fa‘SPT:O r and then transform it
by F“Y = 2p*Y | this equation would pat transform into 1tself.
Rather, it would transform into its own negative, iear
into —Fu.\)c-c- * Fas Pt.’o » and in any more general context, this means
that the dualistic invariance has peen lost. Such a circumstance is
quite undesirable, and it indicates a proper preference for the
equation Fac \)G +‘FoxP'“0 over Fu\)"*‘:.tp‘-"o ¢ which preference
is confirmed by known theory, and also, Dy the results deerved here.

Egs. (61),(62) on the other hand, wnhich are the known equations of
source=~free already unified field theory, are of course rooted
"”*Fu-g)"*' Feﬁ PQ‘O « It however one subjects this to the duality
transformation FR“Y 2 ®FE“Y , this equation will ggf transform into
itself, but will instead transform into its own negative, ie.,—-""
into -"F“\f-F” Pc‘- O . As indicated above, this loss of dualistic
invariance is not a desirable feature. Eqs. (63),(64) on the other
hand, as proposed here, are rooted in 'Fgg\)'- F“P":Q . Here, if
one transforms the field by F“V—b*F“r r one will indeed recover the
original equation precisely, without any change in sign. That 1is, one
will get pback *Fg‘.J?-FB‘-PG‘- O . For tnis reason, egs. (63),(64) as
proposed here, are to be preferred to the known egquations (61),(62) of
currently accepted already unified field theory.

The difficulties cited above with the known eqs. (61),(62) aopear
to be due to an oversight in the development of source-free already
unified field theory. Particularly, to construct the extremal electric
formulation of source-tree electrodynanics directly, one starts with a
particular non-extremal term, one finds all terms that differ from the

original term by a mere duality rotation, one combines all these terms
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together to avoid duplication, and then one transforms into an extremal
electric reference frame. The -equation that results from such
combination therefore has the property of dualistic invariance, as a
direct consequence of this construction process. For example, one may
start 1in source-free theory with the eguation F..‘—\)“O + and by a
duality transformation F*“" 3 *F“Y , derive "Fue P‘“’O .  Another
transformation of the form F“Va*BE“Yrecovers the original equation.
Therefore the work 118 done, and one simply combines these two
equations, to avoid the duplication of a duality renaming, and thereby

v < AT Thig poinT,; one feduces To The exVeena aleNric tswﬂ'nn,
arrives at Fs)  +"FasP =0 ¢ which is eg. (60). If one startf however

A

* S
with " Maed >0 and transforms this according to E“V>RE4Y one
gets -F“@»"‘-O . A second transformation F“V 3*F“Yrecovers the
original equation, and combination of the two equations ‘;hereby"""m
: e (& hn s The praposed e ((d), Oa camalT by This prace dure, 46T *Fyed + FaeP:0, ., o4 G
yields "FasV -ngP = O,A This is the same sort of procedure that was
followed to develop electrodynamics with sources, for example, in
combining the equations within (22), and within (35).

The specific miscalculation which takes place in Gaometrodynamigs ’“\mﬁre,

occurs 1in the first oaragraph of section 2.4.4. Particularly, one ends

up combining (adding) the two equations:~- |§

* u o
(2) Cen L + T EYRL 2 O
(66) (A)

() Eau*f‘ww - Ean €70 0,

when one should really combine:

(a) J*EBM TS TR A/ B @

H9q




.

(66)(B)

(b) i- Eﬁu*ikv',u + &Bk Ekvav’ 0.

In particular, (66)(B)(a) and (b) really do differ from one another by

a mere duality transformation £“V-a®¢“™ . (66)(A)(a) and (b) do not

however, as there 1is a sign reversal taking place under the

v
transformation EMV* 'E“ e The whole reason for combining the
To beqin i Th
various equations on pp. 250-251 of Geametradynamilss, which was perhaps
A

not made as explicit as it should have been, is to consolidate 1into a

single equation, those sets of equations that differ from one another
. Tht combioation (W) ockicues This,

merely by the renaming of a duality rotation. (66)(M 4,““;c‘

Finally one should note, in general, that dualistic invariance

under the second rank field transformation “#‘-)'F is normally—" "7

achieved, one the one  ha&nd, o;uxq§erms of the  general
Heoo using

form FF +*F-*F '$ and on the other hand, by:%erms of the

torm *F-F - F-*F . This is the fundamental source of the

minus sign appearing in eq. (64) proposed here, rather than the
corresponding plus sign in the known equation (62). Given the totally
antisymmetric character of the Levi~Cevita formalism upon which these
equations are based, this should not be surprising.

This completes the specialization of electrodynamics with sources

to source=free electrodynamics in the extremal electric reference

frame, via the source-free reduction F“vz v.«_A«:.v' and the
duality operator [“V= '*ﬁuv ; and the comparison of this

specialization with the known equations of source~free already unified

field theory.

We turn now to a number of other electrodynamical specializations
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of interest.




SECTION 9- Qther.Significant_Specializatioons__of _Electrodynamigs._with

2QULCEsS

Two further specializations of electrodynamics with sources, noted

briefly in the introductory section, are the following:

“ ~
(a) —\-;p.*) ~y = - gln.[FkTFV‘v + *F T‘F\’Tj = O

and (67)

Nc

(0) Joor 0+ *J¥ = 0.

These are of particular interest pecause of the following respective
propositions, which are trivially deduced from the above: i =

& . 7Y
(a) *?—3?_ A "‘[‘T iFf .T:m) ~=0

———

and (68)

. ~€ -
(b) *z= -1 iFF J ‘0)

where the » in (a) is the one associated with second-second rank
gquality field transformations; and that in (b) is the one associated
with first=third rank duality source transformations.

The former specialization (67)(a) and its implied proposition

f X-§
(68) (a), when restated in terms of the duality operator @ s and when

connected with the Cartan spinor calculus, reveals that: =-1|6




- € AL h's Lo AOBV.
'HGAQGQQQ F (69)

L 3G% 6 e [P ENEM o noE ) - (RS £

e—#a F “wv
F

E e.i_“ ur

M~ W
if and only if Tm..,v-O. TheGM; of course are the standard

Hamilton/Pauli spin matrices: (in carTesian r....-.l:...‘m)

Av Av Au)

(‘T“AG=(G}_AU‘G} ;5’5 G

(CLED,CD.00),

In' the context of the spinor formalism, as a result of the——

(70)

normai;ization condition &h'\z‘* 1 o= |7 the duality
rotation @*F“Y "is procisely‘ equivalent, when TM“V‘-O ) to e
"phase® transformation in the basis spinor €A , of the form eiuff
ln other words:
E w~ N epa Fuv
. = Lie (71)
A N
itf T.:,.,:-.,‘O, where £ is the basis spinor for F“" .

Therefore, if —r(,:;v"o s but only if this is so, then the duality
rotation of F“Y  through a complexion angle Q is precisely
equivalent, in spinor language, with a phase rotation of EA through an
angle exactly one-halft as great as the angle of duality rotation, ie.,

A
through 4 . The more general case where Tm «)#0 +r and where A
PR ()

therefore reverts back to the usual second rank *, seems to suggest a
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corresponding generalization of the spinor formlism, whereby the second
rank anlity operator * is injected into tne spinor calculus in place
of _L ’ at Jleast for phase rotations, whenever the Maxwell
tensorTZQ:v ;48 non=zero. In any case, this makes clear the very
direct sort of connection that exists between second rank duality, and
spinor phase rotations; and it shows how second rank dusalistic
invariance 1is just a generalized form of phase invariance. Thus, one
particularly natural physical interpretation of seconde-second rank
dualistic 1invariance, 1is that of 1invariance under arbitrary phase
transformations.

The latter soecialization (67)(b) and associated proposition

(68)(b), allows one to write:

T 19% + "0 -

= '*\)G. + _‘)G' =0,
in the special case where 3-7'1 0'. In this case, one sees that :"'d{ may
be interpreted as the four-vector of positive charges, and thaf"dcnmay
be interpreted as that of negative charges. 3-6. therefore, is to be
regarded as the four-vector of the net (positive combined with
negative) charge., If one continues to interpret CTG- generally as the
net charge vector, then the above specialization where :).‘:“0 simply
indicates an electrically neutral environment.
This leads to a subtle, but very f{important point about the
convention, first introduced by Benjamin Franklin over 200 yesars ago,
of denoting the two varieties of electric charge by the operators + and

-. Particularly, from a mathematical standooint, while this convention

does apply precisely in an electrically neutral environment
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where 5"—'0 and hence the first=third rank * goes to =1, it ogoes not
apply precisely 1in a non-neutral environmwent, where 3‘7‘0 « In tnis
case, it is mathematically necessary to discard the convention which
uses the operators + and =, and to replace it with a3 convention that
uses the respective operators 1 and *x. Again, this is a subtle, bDut
very important distinction, Thus, the vectorlt)‘ shouid be used in the
general (non=neutral) context as that of positive charge; the
vector *\)c as that of negative charge, and the vector :Yc- as tnat
of net charge. The samne sort of thing apolies to monopoles F’ .

The existence of terms with the form J+%J and P+ *P in
already unified field theory with sources as developed here, in light
of the above interpretations, appears to require that positive and
negative charges shall enter symmetrically into the laws of physicsr—"" "
-1% and this provides a natural ohysical intrpretation of
invarfance under first=-third rank duality source transformations. It
also makes the experimentally observed existence of positive and
negative charges directly compataole with the given dualistically
invariant theoretical formalism.

With &g discussion axtfvarious electrodynamic specializations

complete, we now turn to the broader issues of topology, and of

quantization.
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SECTION 10~ Qpn_the _Extensigo._.of__Gegnetrodynamic _Electrodypnamics__to
Mep=Euglidean.._Spacetime_.lgeologys__lowacd_the_Natural_Quantization_gf

Classical_Already. Upgifisd £ield_Iheary

GueanTum f‘r’ﬂ“l scluTions can oh\J be oV Tained Frem non.
Classical electrodynamics is of course, a linear theory.. If we ""€ar

A The. Y.
refrain from considering anything oput classical Einstein spacetime,
then the only way to guantize classical electrodynamics is to first
incorporate it dJnto a non=linear theory of electromagnetism and
gravitation, and to then obtain quantum particle solutions to the
resulting non=linear field equations. This is the route which Einstein
himself pursued, in attempting to find a natural way to quantize
classical field theory, though this ran counter to all of the othep —— -—
modes of quantization then being explored.=- 19
To this point, we have worked toward the development of a
classical already unified field theory with sources, and have

demonstrated how the entirety of Maxwell’s electrodynamics, with

sources, can be consolidated into the non=linear field equation:

Ru—\r = 0. (73)

elecTradynamicy
The question of how to quantizaAmay therefore be boiled down to that of
. . . Now-lingar
finding particle solutions for the aboveAcquation.

In developing the above, it has been assumed at all times that the
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topology of spacetime is simply connected, ("Buclidean topology") which

in terms of the complexion gradient, is to say that:
w; v LA ,
(a) a - = 0. (74)

It is natural at this point however, to generalize to above to account
for multiole topological connections; ("Non-Euclidean topology") which

is to say that (74)(a) apove is now redlaced by: (see egs. (7))
Md = AN 5 n=0,1,13,3
(b) ™ d X ’ > T P R (74)

In the setting of non-Euclidean topoloayc one cannot help but be
bg*n‘e Gimilarily

struck , betwéen the above, and,. he Wilson-Bohr=Sommerfield rulet— ~~

(respective particd® and wave formulations)

(a) §P“dxu : Amnf
| sy h2051,2,3... (75)
(b) é‘kkd)(ug aATT=n

of the first quantization. (1916). Ahile the applicability of this
specific rule is limited to situations where particle wavelengths are
small compared to the dimensions of particle confinement, the stﬁking
similarity between (75) and (74)(b) suggestf strongly, that quantization
may well be a fundamentally topological ohenomemon., To the extent tnat
quantum phenomena truly are the result of a non-Euclidean topology, one
might expect that the entirety of pnysics could be idealized, in the

main, simply as the superposition of quantized non=Euclidean topology.,
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upon the already existing classical structures of non=Euclidean
geometry. In short, it may well oe Dpossible to idealize quantum
geometrodynamics as the admixture, simoly, of non-Euclidean geometry
plus topology.

There 1is little doubt that Einstein himself favored a topological
approach toward quantization; and equally little doubt that such an
approach necessarily presupposes a non-linear theory. Thus, to guantize
electrodynamics, one would at the very least have to unify linear
electrodynanics with sources, into non-linear geometrodynamicstaorhe
absence of such a unification however, even to this day, has rendered
next to impossible, the realistic consideration of topological
quantization,

With the development of a classical unified field theory o4~ "~
electromagnetism and gravitation completed, one looks gquite naturaslly
toward the quantization of that theory. The advantage to be gained,
once a non=-linear theory of this sort nas been produced, is that a
topological approach to quantization realy does ©vpecome feasable,
because one now has availaole a non=linear electrodynamic theory.

While the sorts of topological structures that one is forced by
natural experiment to consider may pe quite rich and varied, one
nevertheless seems dound to ask how much of today’s elementary particle
phenomenology, and various other aspects of quantum theory, (such as
atomic theory, small scale vacuum fluctuation theory, strong and weak
interaction theory, etc.) may ultimately be deauced from a topological
approach. One also wonders how a non=Euclidean topology would affect
such macroscopic domains of physics as cosmnological and stellar theory.

Particularly, as gquantization eliminated theoretical atomic collapse in

5¢




the early part of tnis century, one wonders whether the quantization of
classical geometrodynamics through topology, could eliminate in some
global way, the nagging macroscopic singularities of classical theory.‘

Answers to these and similar que;tions may not be forthcoming for
some time yet. Nevertheless, the development of a classical unified
field theory of electromagnetism and gravitation, independent of
quantization, and independent of all the other interactions, is a long
standing problem that has confronted ohysical theorists for the better
part of a century. Nith the satisfactory development of such a theory,

it finally becomes possible to address these broader, and highly

fascinating questions of fundamental physics.
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