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A39IRACT

In this essay it will ©pe snown how the source-free "already

unified” field tneory of Rainich, (Trans. Am. Math. 30C., Vol. 27, p.

100, (1925)), as exdosited by Misner and Aneeler =1 and otners, =2 mnay
o2  expanded to encomnpsass electromagﬁetic sources, strictly witnin the
dounds of a siaply connected spacetine toposloay. The result is a tully
aeneralized, strictiy «classical, already wunified tiel j theory of
electromagnetism anag gravitation, which integrates fully into
electrodynanics, the antisymmnetric tehsof formalism of Levi-Cevita. In

oarticular, it is shown how the entirety of maxwell’s electroaynanics,

including sources, may ne directly consolidated into the

seometrodynamic equation Ruv‘O.

The introductory section oresents a general overview of the

classical already wunifiead tield theory with sources, to be adevelopeq
F; rst . . 4 i3
herein., The mmmB& Six sections examine "ow tn§ theory witn sources nay

ve uevelooed out of vaxwell’s classica] electroayn@micg and xainich’s
classical source-free already unified tiela theory, In sections /=Y, a
nuynoer of special cases of electrodynanics with sources, 1including
source-free electrodynamnics ana electrodynanics in the extrenal
electric reference frame, are oresentedi. The final section exgnines how

the transition from a simply connected fuclidean spacetime tooolojy to

a multiply connected non-Euclidean topology, may lead t» 3 oarticularly




matural pasis for understandina non-classical, ie., quantized alresagy

unifiegd fielda theory.
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I4TR2uDUCTION- Gegmetrodynapic._tlegctrodrynamics _with_Saucgesi_ _A__General

Jyeryiew

It is possible, as will oe shown in detail herein, to consolidate
the entirety of Maxwell’s electrodynamics, including sources, into the

single geometrodynanic equation:

Ru'\)’: O. (1)

It turns out, Wwhen all possible sources of electromagnetic field
are considered, that the apbove may ne translated into the

electrodynanic equivalents:

Fae(J%+ 70%) + " Fuc (e p%)
+'li&FGT<\)-r€a.+ *Jw‘“‘) -3 F‘TT(FT“* *PWA: O

(A)

(2)
"Fas (JT+*0%) = Fae (P77 P°)
"3 FGT(JTW* *n)we) B é*FGT(Pm—a +"P1<J“ 0,

(8)

where charge J and monopole P are connected with the electromagnetic

tield F'according to:




¥ar

(i)

..P =

] G
agr F o

(a)
» |
. T - T - - * *
GRD \)’("\J P‘vsv yrr ( F-rs;.\, + FS\JJT + *Fv73€>
s wS | e=TC

(i) P N J T yp F'oor

(b)
% | A
(i4) PTGU - \) TSV T oyy (F-rs';u + FGV}T + F\r735>
(s)

_ * 1% _ o LR TE ‘)

(1) \J = P'TGU" Chig F' 3T
(c)

* _*n* -\ [k * ¥

(ii) g)-rt\! P1vv' ‘m( F‘r?;v+ Fvu;'r ¥ F\"'}‘)

) A0S kR \mS | g g~ 7€ .
(d)

. SRy N

(if) PTE‘\J = X 41 (FTF;’V* F‘UJ'T t FvT‘,‘).

In “the abover, the "oual"™ of any anti-symmetric tensorﬂ\ in
tour=space is constructed in the uJsual way, using the Levi=Cevita

: . #,S . L ,4TIT LN RIS
formaljusrn, according to A 3!6 A‘u,.() A -5-,‘5-_ Ase

v ) 2 SpeT;
ang maTEV: (T A i from which follow Afu HEY  eual
) 'S 6\ A

identities F¥Az A®  FRATTIATT o REATSVL ATEVT 1 is also to

oe notea

respect to all

form F-%*F

sources.,

that

the electrod

duality transfo
fields

for an

ynamical equations (Z) are invariant with

rmations of poth the second=second rank

d the Pa*p

first=third rank form J*)*J ond

Now, while a good oortion of the exocsosition herein will be devoted

to the rigorous derivation and justification of egs. (1),

(2) and (3),

X




it should pe noted, when (1) is considered in Jlight of the Einstein

(7 -
equation/Bianchi identity -XTu\r:.u"(R“v'lxs ‘JR)',«’ O for energy
conservation; and when (2) is considered in lignht of the
» G -
equations J ;6% 0 and \)T‘v;h'\)s’-\ms? + JvaTi§ -\);ww‘-o tor

electromagnetic source conservation; tnat the strength of eq. (1) s
identical with that of eqs. (2). In other words, egs. (1) ana (2), from
a general relativistic standpoint, are absolutely compatable. Ahile
this does not prove the equivaience of egs. (1) and (2}, it does make
this equivalence »>lausible. =3 The rigorous justification of this
equivalence will be developed in sections 1-6.

Once the equations (1),(2) and (3) of "geometrodynamic
electrodynanics” with sources have peen devejlopeds, a numoer of
specializations are possible. Une may, in the usual manner, reduce to—- -7

the extremal electric tormulation ot (2) and (3) by setting
wn L - SR TN o
F=e & . (4)

One mnay also, as will be discussed in deptn herein, reduce fronm
electrodynanics with sources to source-free electrodynamicsy by
. ; wmAS . "™
constructing the field tensor F. from the potential vector F\

according to the faniliar:

Ay

RS UM
F -‘/\) - A . (s)

It is to be emphasized at the outset that . eqs. (1)-(3), which describe
electrodynanics with sources, do not in any way involve eq. (3) apove.

It is this supplementary condition (5) for the four potential which, as C

3




fﬁrhyvigjyused to reduce from electrodynamics with sources; to
source-free electrodynamics. 1In other words, eg. (5) apove has
absolutely nothing whatsoever to do with electrodynamics with sources,
and as soon as one employs eq. (5), one is automatically talking about
electrodynanics withguf souces, for | 18 Thlg equaNien which direcTly caunses The

reducrion T ‘ow'ce,-Frft glcg‘froJ:,han.,“s'
Two further specializations of interest come about wheni

— A - 1 wT 753 -
(a) 'Gwo v oo gp[;F For + *F ’Far;] ()
and/or when: (6)

(b) jF'J?+*JG‘O.

A
In the former case when the Maxwell tensorj?nw-w is equal to zero, the
second-second rank duality operator « becomes equivalent witb~£?fi;
while {$n the latter case, the first-third rank duality operator *

becomes equivalent with =1. That is, ®*FE*V= LF"Y  itf (6)(a) is true,

6 S M) - (&)
and ’\) = '\) iff (6)(b) is true, These specializationsA will be
developed and examined in sections 7-9.

Finally, while the entire theory to be developed herein

presupposes & simply connected Euclidean soacetime topology descriped

in terms of the comolexion gradient (Ra oOYy:
V% 4 VA
(a) A - 0, (7)

one would certainly consider the generalization of the above, sooner or

Jater, to a multiply connected spacetime tooology, given by:

(b) @a‘d»« 2 AN y N=0,1,2,3... (7)

4




As it nappens, this seems to lead toward a particularly natural
approach for the gquantization of c[assical already unified field
theory, as will pe examined in section 10,

The discussion in the first section begins with a brief review of

Maxwell’s classical electrodynamics and Rainich’s classical,

source-free, already unified field theory.




SECTION 1- A__RBevies _0f__MaxwellZs._Electreodypnamics._aod...Rainignls

Source=-Free_Alceady.Unified_Eield_lbeary

In their ordinary tensor formulation, the equations of Maxwell’s

electrodynamics take the form:

(a) \)T = L:Tr( FGT‘N)

(b) O = F‘Tf;\r + FGV;T + F\rT;G .

(8)

It is however mnore appropriate for the subsegquent discussion,

oorrowing from (3 ), to rewrite the above as: e =

(a) J7 = t%n ( FGTW\

(9)
|
(b) * PTV,\," ‘TTT(F‘N'-,V + FG’\J)? T F‘V‘T‘,"}
-where-
wAr A wiu
P A A
(10)

In this form, the dualistic symmnetry between charge/monopole and

first/third rank electromagnetic sources becomes more apparant, as does




v+ Fevie + Forie

A

the dependence of the Maxwell equations (8), strictly speaking, upon

the supplementarf potential condition (10). This is because without

(10), the right hand side of (8)(b) will no longer be identically equal

to zero.

; WV
Assuming that FYV= AV3“- A% and hence that

in (3)(p) really is identically equal to zero, one may proceed to use

energy conservation to connect (8)(b) with tne geometrodynamic energy

v
tensor T ,» as such:

)

X T (Rkv" 4 S R),M

) (T4 + T, a

K (A F"(Fuviv + Foru v Frase) )

Bl P Fonn = 48 F  Feryu ] (11) mm =
» XL (P " Fedu - £ 8% (FFex)u - For F";:J

s B[ FFor + “Fomrp ] - X Furd”

"N LY
: 'K(‘rcm)'\r + Cum V)‘w\

"

h

-~where=

'
)

(a) T““)u,\, = 8'17 [‘er F\I'\' + ’FMY’FVT]

v
T - &ﬁ {_kaisz - i;SﬁV'F Fk;]
-and=- (12)
M - Yy . 1% ¢
(b) XL(M‘U' * _t(m) vim Fv-rJ - l_;)r Fer F o8&

are the Maxwell tensor and the gravitational energy components of the

L«an!;ar-"l\
electromagnetic field, respectively. Therefore, Mnl“"“jl\h! L-s».l-ﬁiul CensTanTs

of i'\T¢3 raYion’
7 .




« LY
T“‘U': -r(mm‘\r + t(tu) B 20 (13)

Now, by applying the potential condition (10) to (9)(b), one finds

that *P1¢~r » and all the other third rank sources of the
deduceable TherefFran b any 40fV oF dudlity riTlion
electromagnetic fieldA (see (3)), will pe equal to zero. Employing the

L A0 A, BTN
first-third rank Levi=Cevita formnalisms *As’é.éaf 1AA¢7 AT AL

C [ uj‘ &‘
it s apparant , that the tirst rank sources of the electromagnetic

B

field will reduce to zero, with the consejuence that (9)

ultimately reduces to:

(a) 7 m(Fe)= 0

(1g)y— "~

- L
(b) » T“U'- Lﬂr(FT"i‘V’ + F‘"}T + F‘U’T}ﬁ)a O)

but if_apd_gnly_if the potential condition (10) holds true.TMs-sJud'umat-Fﬂm
tltd’tr.“:‘nani(s .

Assuming that F“V: A"’“-A““" does hold true, one may further
use (14)(a) above to set J¥=( in (11), which is tantamount to
setting Wigmy * 'Cm.;*v;,«‘- wr) T = 0 th: (1A)(b). As a consequence one
may extract from (11), the source-free energy tensor and trace

!% (13) with KW -Cupov - F\rv D" 20 5 6und ne cosmalegical iviteq relliom cu.g"a.:t,)

At _.---...-4 W m—— g e~ preegpdfmcmnpogi e —————

equation:

“ . “ .o
(a) T v Tuuov. ‘8-17 [_F“?FVT + ,F“T’F‘VT‘]
(15)

(b) _T‘ = —r-Gir * Q.

(14) and (15) of course, are the primary equations of source-free

3




Q) l:u‘hj The Source-Free Maxuell o waWlewg 5 awd (15) bq.‘y.J The wsual
expressieng For The Marwell Tenged aund Te Trace.

. the marn roiv?f, wki¢k ig
electrodynamnics, -4 It is important to noteAthat these equations
all come about by virtue of the supplenentary potential condition (10).

One may of course derive from (1S), in the usual way?

(a) Révgw - ﬁsuv(QﬁPw) =0
(16)

-
(b) Rﬁ'-o-
It one further defines the duality rotation operation:

me: e'kéw‘r (17)

in the usual way, and supplements this with the requirement: (a“= aé“*’d"’”
u,v VA L o~
A -4 =Q (18)

that spacétime topology be simply connected, then one finds in (16) and
(18) the crux of Rainich’s classical, source-free, already unified
fiela theory.=-S

Thus, it is tne condition F“": AVI%~A™Y _iich, in the final
analysis) is resoonsible . for reducing all the sources of the
electromagnetic field to zero; ie., it is this condition which brings

ol The primary equotiong oF and already wnified Cield Theery

aboutAsource-free electrodynamicg{ It is therefore apparant, to develop
a more general theory of electrodynamics with sources, that this
condition must be discarded, and the theory with sources developed such

that there is no deoendence upon this condition at any point in the

theory. Conversely it s necessary that the theory with sources pe

9




vy Au;-\r' is

developed in such a way, when the condition }:“v:
finally added as a form of specialization, tnat the theory with sources
will reduce 1in this special case to the classical source-free theory
discussed abdaove.
It is therefore our objective from here on, to exXtend classical
electrodynanics and source=-free already unified field theorya
to include all forms of electromaxgnetic source. This

will be the orimary theme of sections 2=6,

- -




SECTION 2= Qifficultiss_tncouptered_in_the_Ilransitieon_from__Jourcezbcee
Already__Unified__Eield__Ihegrxe._to__Alceady_Unified Eield IhegQry_with

2QULCes

To develop an "already unified"” field theory of electromagnetism
and gravitation that includes sources, one must first forego any

dependence upon the vector potential eguation F“V as shown

:Py;k_Aup/’
above; since it is tnis equation which, of its very nature, brings
about source-free electrodynamics. Thus, source-free electrodynamics
must come to be viewed as a specialization of electrodynamics with
sources, in the -~y special case where the
condition F“V= AVI“—A“*Y hLas been added. In abandoning the use ot~
the equation F'“V’—AV’“—A'*"V for electrodynamics with sources, a
number of related difficulties arise, all of which may be illuminated
oy a closer examination of eq. (11).

First, and of paramount importance, in the absence
of F“V:AYV“-A“Y ,the ternm Fuviv® Fuvriaw+ Fray- in ea. (11) will no
longer be iJdentically equal to zero, wnich indicates further tnat the
conservation of energy is, according to (11), no longer identically
assured., This 1is a serious problen, «hich forces one to consider
’ ) +hot do assule The convervaTion °:¢w€fjj)
appropriate generalizations of (11) - _
20NN N P e Sy ey St ST~ B PPt =S P .o ey

buT Thol do naT
_ .
viasttnaedENslaeeseenys- rely upon the condition FUv= AVIA ptt for




this assurance. Thus, one must look tor some sort of extended

Thal top
electrodynanic tern l-h plays the same role in energy conservation as
(seeln))
does the term F,w-,-,*-Fv,.‘M* P, v currently, but which is identically

- h-
equal to zero without dependence upon the condition F“‘": Av'“’/’i 1AV

In short, one must look for an electrodynamic analog of the Bianchi
identity (R“v - i§% R),u=0 . which can wEEsmslsy be connected
with ‘T“v;“ to assure identically that T“v-,«’~0 » but which does not
in any way rely uoon the supplementary condition (10) for the
tour-potential. This is the primary route along which the development
of electrodynamics with sources must take olace.

Second, the fact that the non=symmetric energy

components Ximw: F'WJT of the electromagnetic field, in a theory with

g
sources, is no longer equal to zero, causes the energy tensor | ig—-
. Threugh f(uﬂ’ron\c‘Ncn oF- 'ﬂnl nen — SSV\MCTH(

(AV":‘MC#‘ t(!‘h)' ($"“Q‘N (‘3)) <

&

(11) to lose its transposition symmetry,
Third, and also oecause X. 4~ 18 No longer equal to zero in a

theory with sources, the energy tensor in (11) will no longer be

invariant under a duality rotation. Note in the source-free theory,

since )(w.,w‘-F-nJ‘::Othat T“. vecomes equal to the Maxwell tensor T:;.,,,V :(*Q('b")(a))

which tensor is of course dualistically invariant. This Tee, need, Te be correcTed.
Finally, once the term F.rg-‘v* Fsvir + Rrr;w on the right hand side

of (8)(b) and (11) 1is no longer identically equal to zero, one must

begin to consider pboth charge and monopole sources, of both first and

develep a Theory ThaT teFlecty The wnetegqar
third rank (see (9)); and to mmj

SymmeTTies ) g
emlll» among all these varying types of electromagnetic source. ..

[ - o

As will pe seen, it is indeed possiole to resolve all of theée
ditficulties, all at once, by the development of an appropriate

electrodynamnic theory with sources. Further, it will be shown how the

¥

Ia




development of such a theory, as an added oonus, leads directly to the
consolidation of Maxwell’s entire electrodynamics, including sources.,

Non-linear -
into the sinpleAgeonetrodynamic equation R.w~0 .

] e




SECTION 3- Preliminacx_Revelopnent of 4dlceady_Unifieg Eield_Iheocy_with

2QULCes
In Einstein’s geometrodynamics, the field
A - - N
equation =X T i’ (R“v'l; “vR);«\ = 0O exoresses, among other things,

the fact that energy must be conserved; and it assures one that energy
will in fact be conserved, by associating the contracted covariant
derivative of the energy tensor,-rtnu, with the mathematical Bianchi
identity (R“v'§ “VR)"M:O ¢+ which 1is «xnown in all cases to be
identically satisfied.

For electrodynamics with sources, it is necessary to follow a
similar path, by associating T v m with some form of (dualistically—m—e -
invariant) electrodynamic term which, like the Bianchi identity, is
known in all cases to be identically egqual to zero. In eq. (11) of
course, T“,,u is associated with the term F"‘T(F,,v~,v+Fw.,4+ F-r..-,..-); however,
the identity of this term with zero is assured only when one has added
the supplementary condition F“ =AY - A“" (or tne four-potential,
which condition aoplies only to source-free electrodynamics. Hence,
this is not an acceotaole route to follow if one wishes to describe

) 0nd To GimulTaneous ! Ouserve enerqye
electrodynamnics with sour~ces,A Instead, it 18 necessary to base the
develbpment of electrodynamics with sources upon the association

of —ruvau with some electrodynamic analog of the dianchi identities,

which does not in any way depend upon I:“V‘A‘”“"A“bv ¢+ but which




nevertheless insures the identical conservation of energy in all cases.
To construct a generalization of electrodynamics that includes

sources, and which does not therefore rely upon the
. x . [TV VM Lyar” . .

condition F = A ~A to assure the conservation of energy, it s

helpful to begin by examining the identity:
\ "Ny Y *TC
3 A (st;v + Buris ¢ B‘rsw) - "Ave B =0, awn

which of course, holas true for any two antisymmetric tensors A ana 3
in four space. -6 In the further case where 8 is defined out of a

four vector V according to:

73"t

LM
B“vz \V -V , (20) v -

out__gnly__in__tnis__caser the identity ([F) will yield the two

sub=identities:

%

<
(a) B-r 5T = O
(21)
(b) BGVST + Bv'r*,c t+ Breyv ° O )

whichbof course, are of the same form as the wusual equations of
source=-free electrodynamics. (see eqs. (14)). Thus, tne identity (19),
which holds true even in the abpsence of an equation of the form (20);
and which further, in the presence of eq. (20) reduces to the form (21)
that characterizes source-free electrodynamics, will provide the

starting point for tne developmnent of electrodynamics with sources.

s




AA T
In carticular, aoplying (19) asbove to the field tensor F r it
is possible to form the four identities:
d =€ % t X0 J SR
i) A F (F:v‘n + Foays ¢ F-r!)v) Fos F 2= 0
(A) c
A 4 - T =
(id) %_’Fc-'('ﬁvn + 'F-v-v;,s t  Fax ;v) Fv€ F 3T 0
(22)
] b Toalnd) -
(i) ‘i*FCT(chn T Fv-r',! t F'ﬂ:'\') + Fve”F ;720
(B) - %
L - N -3
(id) = 'La Fc-r(" Fv\r-,-r + * er‘,‘ T FT?JV\ F-\rﬁ F )T O)
e
which, on application of the condition
F‘*”’_ VM wy v
= A A (23)

of source=free electrodynamics, will further reduce to the equations of

source-free electrodynamics:

* »
(A) FGv;v + er-,w + *Frt;v * 0

(24.1)

o

(8) F"v;-r + er;v t FTS",v

in third rank form, or alternatively:

<

(A) F .~ =0




(24.2)

A -
(3) F e =0

in first rank form, as expected. = [
idenTiTieg

Now while the apove wmma (22) may appear at first glance to

consist of sixteen independent equations, it 1is clear on further
identiTieg

examination that the two cxpsshensmss (A) differ from one another merely
oy a8 duality rotation of the second rank field tensor F“A’. as do the

idewtdrTies
two ewumsmiems (B). Hence, the two equations (A), and also the two
equations (B), are really just a renaming of one another. Equations (A)
and (B) however cannot pe derived from one another simply by a duality
rotation of the field tensor F“\r + hence these equations, (A) and (8),
are indeed truly independent, Therefore, egs. (22) really contain s~
total of eight independent equations. Fortunately, this §s precisely
the number of independent equations that is needed in electrodynamic
theory, and these equations will therefore be taken as the starting
point for considering electrodynamics with sources.

Now, because each of (A), and each of (B), differs from the other
by a mere duality rotation, it is possiole to combine each of (A), and
each of (B), into a pair of single identities; and, as a natural
consequence of this procedure, the resulting jfdentities will themselves
exhioit invariance under duality transformations F“V—B‘ Fuv of the
electromagnetic field. (This "dualistic” invariance is also sometimes
called "phase” or "3jauge" invariance, though "gauge® is misleading for
a number of reasons, including the fact that it is easily confused with

\r- - -
the very different invariance of F“"‘Avﬁu-hurr: under the "gauge"

transformation A“—b/\“q-/\s“ «) Furtner, contrasting (22) above with

17










































































































































