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Why Pythagoras Unknowingly Anticipated Quantum Physics
Jay R. Yablon

Two and a half millennia ago, Pythagoras estabdighat the length between any two
pointsA andB, if one lays out this separation alaxg, z coordinates, is given by

|2 :X2+y2+22.

Suppose that at any time between 500 BC and 19@h wite quantum revolution began,
someone had said “let’s take the non-trivial squacg of I =x*+y*+ 7% that is, let's do
something more interesting than merely writirg+4/x” + y*+ z°. If one had known the Pauli
matriceso™, one could have used these to folre o' X with X =(x y, 2. Then, in the
manner that Dirac’s Minkowskian relatiayt” :%(y”;/’ +y”y”) :%{ y”,y”} which may be used
in the special relativistic energy relationstip =7 P, R , one could have used
o' =1(dd +0'd )=4{d .0} towrite|*=&'xX =1(d'd +0' d )k % = K*, and more
explicitly:

12 0 z  x-iy z  xiy) (X+y+7 0
2 |~ ; ; = 2 2 : 1)
0 | X+iy -z J\x+iy -z 0 X+ y + 7

Then, similarly to Dirac’an= y“ p, = p absent the spinotswhich really require this to be an
eigenvector relationshimu= pu, one would have found that the square root equagisimply
| =X . But when written out explicitly, this would be:

(I Oj:[ z. x—iyj:X’ )
0 |1 X+iy -z

which, like m=y” p, = p, is a mathematically-invalid equation. So we lddue forced by
Pythagoras, no less, to introduce a spinor whiclshed callp, and to write (2) as the eigenvalue
equatior{ X —1) p =0, which in explicit form, is:

z-1  x-i
x+iy —-z-1)\ pg
So (X - I) p =0 above now tells us that the lengdjtepresents eigenvalues ¥f, with

associated eigenstatgs , p;. So what are these eigenvalues? As with anyneajee
eguation, we determine these using

O=def{X-1)=(1-2z)(I1+2)- ¥ - y¥=P-X- y- Z. (4)
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This now recovers the original Pythagorean relatigm|* = x>+ y* + z°, and this means that the

eigenvalues ofX are| = +/x* +y*+ 72°.

But now we have eigenstates also. How do we irgethese? In the only sensible way
possible: The lengthrepresents thmagnitudeof the distance between two poidtandB. But
there is also a question of direction, and thathg physics uses vectors. If we start at pdint

and go to poinB, which we denote a# - B with “ - " being a vector, then eigenstapg
represents the circumstance where we stataaitd go tdB, i.e., in which the vector direction

points fromA to B, and its eigenvalue is= +/x* + y* + z*. Conversely,p, represents - A,

starting aB and going toA, and its eigenvalue is= —\/x* + y*+ z*. This is a two-valuedness,

but contradicting Paulit is perfectly classical It simply says that in going from poiAtto point
B a person will traverse the same distance as wbigg grom pointB to pointA, but will go in
theopposite direction The reason we use vectors, and not merely linggyysics, is because
direction, and not only magnitude, is important.

But, we are able to use the core language of quaphysics to discuss all of this.
Specifically, we may write all of this in bras akeks by saying thal(| p> = || p). More

specifically, if we denote{+) =| A  B) =| p,) as the state with a forward vector frénto B
and|-)=|B — A)=|p,) as the state with a “return trip” vector frdrto A, then the “trip away”

from A is denoted by |+) = +y/X¢ + y?+ Z|+) and the trip back home fois denoted as

X|=)=={x+ y’+ Z|-). This is the Pythagorean theorem representeq gsiantum

mechanical expressiomentical in form to those used for things suclstern-Gerlach(see, e.g.
[1] sections 1.1 and 1.2). Yet there is nothingaky or weird or in any way perplexing or
disconcerting about the notion that a Pythagoreagth has a two-fold degeneracy associated

simply with whether one is “coming” or “going” ovére distance described by=x*+y?+ z°,
Physics isalwaysnot only about magnitude, but also about direction

This analysis tells us something very profound a&lbioel nature of three-dimensional
space as well as about four-dimensional spacettrtadls us that a great deal of what we think
of as “quantum mechanics” is actually hidden invbey nature and structure of a Pythagorean
space. But this is not clearly seen until one dake non-trivial square root of a Pythagorean
relationship and naturally comes across matrix @ipes and eigenkets and eigenvalues with
twofold or fourfold degeneracy.

In fact, let’s carefully parse this out, from theognetric beginning: Start with a one-
dimensional “straight” (Euclidean) line and let&bkl the axis for this line ag.” Along this
line one may define a lengthbounded by pointd andB. But physics also calls for vectors, and
in this one-dimensional space, there are two vectore withA — B direction, the other with
B - A direction. So the length from the start, should really be thought of asttho-valued
+l in view of the vectorial aspects of physics.
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Now let’s propose to introduce the conceptaittion. All we have available for rotation
is thez axis. But in order to do a rotation, we mustadtice, not one, but two more axes, which
we labelx andy, and which now carve out and definexapplane. We now have a three
dimensional space, with no concept of time yebudiced. What is the most economical way to
talk about these rotations? In 1843, William Rowtmilton carved the quaternion

relationshipsi® = j* =k * =ijk = -1 into the Brougham Bridge in Dublin Ireland. These

guaterniong, j, k are the first known examples dn-commutinghumbers, and their non-
commuting nature was dictated not by any abstrathematics, but by Hamilton’s recognizing
that in a three-dimensional space, rotatiomascommutative This later found expression in the

Pauli matriceso™ which 02 =0??=0%*=—-igo o 3>=1 which are the modern expression of
Hamilton’s quaternions. The non-commutation o&tioins is then expressed very explicitly via

the relationshipé—[ai No ] =ig, g, , which itself becomes the model for extension Higher-
rank Yang-Mills theories. And the anticommutatelation is o :%(a" o +od ) :%{d 0 } :

Still nothing spooky or quantum mechanical herst an objective description of how rotations
occur in a three-dimensional space.

So then, one might take these quaternions / spinaes and revisit Pythagoras and form
X =0'X and discover that the non-trivial square root ¢iqua use to describe the Pythagorean

Theorem in three dimensions a)(’q =+ X+ Y+ | W|th | representing “going” from

A - B, and X|-) ==X+ y*+ Z|-) with |-) representing “coming” (returning) from
B - A. Quantum language for sure. And classical Pyitean geometry for sure.

Now let’s ask about time, which is a fourth dimemsi Classical relativistic physics tells
us that flat spacetime has a Minkowski metric slignadiag(n‘”) :(1,— 1- 17 ). So now, in

contrast tod” :%{a" ,O'j} which was used to deconstruct Pythagoras in tireensions, we
deconstruct Minkowski witlp“ :%{y",y’} . The “nuts and bolts” of how Dirac discovered his
famous Dirac equation, is by finding that theraagsway to reproduceliag(/y””) = (1,— 1- 15 )
with a 2x2 matrix, and that one must now go to4ké ) matrices. Now, the eigenvalue
equation is( p- m) u=0, and the eigenvalue / eigenstate associationsvered are

p|u)=+m u and p|v)=-m V. Is there some way to understand these in aagimil

“classical” way in terms of a vectorial “coming agding”? The added dimension is time, and
now the two “points’A andB are the two “eventsA andB. But if we trace this back to the
Pythagorean roots, we now have coming and goisgateand coming and going ime. So if
we placeA in the past an® in the future, therA - B represents a future-oriented vector and

B - A represents a past-oriented vector. |®orepresents a particle with a vector in a past-to-

future orientation anqjv> a particle with a vector in a future-to-past otéion.
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We then turn to Feynman-Stickelberg [2] and repredrthe past-oriented negative
energy particle as a future-oriented positive epargiparticle. So again, what Dirac introduces

via the deconstruction af” :%{y",y’} into 4x4 matrices, is both a “coming and going in

space” (as specified in (3)) and a “coming and gamtime,” with the coming and going in time
reinterpreted via Feynman-Stickelberg into “alwggsg forward in time” wherein negative
energy particles back-travelling in time becomeipasenergy antiparticles forward-travelling
in time. Pauli incorrectly asserted that the tveduedness of spin ison-classicalwhich has

had the unfortunate impact of making quantum meckanore opaque than it ought to be. In
fact, if the non-trivial square root of Pythagotelés us that all lengths must have a twofold
degeneracy of eitheA - Bor B - A, then when we start to look at spins in three disians,
spin up simply has its spin axis oriented alongRlgghagoreanA - B eigenstate axis, and spin
down then orients oppositely aroud- A axis. The fourfold degeneracy of Dirac’s equation
is then seen as a direct consequence of three dpaeasions and one time dimension, where a
twofold degeneracy of coming and going in time igdtiplied by the further twofold degeneracy
of coming and going in space. To further demotestnaw these ostensibly “non-classical”
“mysterious” phenomena can be seen through a ¢ialysical lens, Ohanian in [3] establishes
how the flow of energies associated with so-cailidnsic spin are entirely classical circular
energy flows in the electron (Fermion) wave field.

So, what is the point of all this? The human faag spent a century plus a decade in
collective hand-wringing over the “weird,” “mystetis,” “strange,” “non-classical,”
“counterintuitive,” “non-local,” “entangled,” “whyvould God play dice?” nature of quantum
mechanics. But in fact, there are many salien¢etspof quantum mechanics that present
directly and inexorably out of the simple exerai$e¢aking the non-trivial square root of the

relativistic mass-energy relatiop, p” = nf. Because the Pythagorean metricity of flat
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spacetime is based on the Minkowksi teng@r, the Dirac deconstruction of this into
ne :%{y",y’} explicitly introduces a fourfold Dirac degeneraifyeigenstates that represent

“coming and going vectors” in both space and iretim\though this degeneracy — which leads
to such ostensibly-quantum mechanical phenometfaeasdectron magnetic moment and
“intrinsic” spin — is in fact entirely understandalzlassically, it has often not been understood as
such, which has made the logical consequence ©tifgeneracy much more difficult to take in
stride than need be.

Wheeler’s “geometrodynamic” program [4] seeks tdemstand all of physics as
emanating from the properties of the spacetimesstagvhich that physics occurs. What the
foregoing shows is that spacetime itself — everaihelidean Phythagorean four-space of
Minkowski — already contains many features browdidut through the metric deconstruction

ne :%{y",y’} which one associates with quantum theory, but wtgdn fact traceable to the

very fact of living in a four-dimensional univerggth one time and three space dimensions.
And these in turn trace back to Pythagoras, whibhmanalyzed using the Pauli matrices,
teaches the very simple physics notion that whenageribe a lengthto the separation between
two pointsA andB, and if you then wish to talk about that lengttaiphysics context, that you
also need to establish a vector of lerigtthich — as a vector — must also have direction in
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addition to magnitude. So we use as the eigenstate of|+) =+ + y* + Z|+) which

represents thé\ - B direction and-) as the eigenstate df|~) = /X’ + Y’ + Z|-) which
represents th& - A direction.

One mighta priori, simply regard the deconstruction pf p’ — nf =0 into
(p - m) u=0 as a mathematical convenience and nothing mocdesianply view our spacetime
surroundings in the usual Pythagorean way, and or@. m But the fact is, that when we do
experiments, and observe electrons with all ofsttoperties predicted bfyp — m) u=0 which
are hidden from view in the Pythagorean squaretemjua_p° = nf, we understand that the
deconstructiom? :%{y",y’} is more than just a mathematical curiosity. Wadize that it

reveals something about the intrinsic nature ofghysical spacetime that is simply not apparent
if one sticks only to the equatiop, p” = nf. But what it reveals are phenomena which we often

think of as “quantum mechanical” and thus as caurttative, etc., when in fact these
phenomena are endemic to the very nature of spaeetnd thus fully geometrodynamic. When
we ask “who is the culprit?” responsible for atdesome fair share of quantum physics, the
answer is now clear: Pythagorean spacetime itself!

One wonders from all this, how differently our urgtanding of quantum reality might
have evolved if Pythagoras had himself discoveretarnions, and 2500 years ago, had taught

that X|+)=+{x + Y+ Z|+) and X|-) ==X + Y’ + Z|-), in contrast to the historical

accident whereby all we had to go on for 2500 yeas| = +/x* + y> + Z°.
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