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1.  Introduction 

More than a century following the transformative work of Planck, Thomson and Millikan 

demonstrating the quantization of energy and electric charge, and the later work of Dirac, 

DeBroglie, Bohr, Uhlenbeck and Goudsmit to establish angular momentum quantization and 

half-integral spins, it is no small matter that that the division of physics into “classical,” “non-

classical,” and “semi-classical” still centrally-occupies the present-day thinking of many 

physicists, and that our understanding of nature has not yet been able to relegate these divisions 

to the archives of historical stepping stones upon which we eventually came to understand, 

simply, physics – unified and undivided and thoroughly self-consistent, reflecting what we 

suspect is the underlying unity and coherence of the natural world which we seek through the 

physical sciences to model and understand.   

In a separate paper titled Intrinsic Spin and the Kaluza-Klein Fifth Dimension,[1] the 

author offers the thesis that movement through a fifth, compactified and spacelike, dimension of 

“classical” Kaluza-Klein theories, which is known to give rise to electric charge, is also the 

mainspring of the half-integral intrinsic spins which occupy the fundamental SO(1,3) spinor 

representation of the Lorentz group.  More fundamentally, the author seeks through this 

hypothesis, to validate the fundamental idea that Wheeler’s quantum geometrodynamic program 

[2] remains alive and well as a foundation for the description of nature, rooted in real physical 

phenomena occurring at the Planck scale, and encompassing without conflict or inconsistency, 

the fundamental empirical fact that the material world is built upon fermions of half-integral spin 

which follow the Pauli-Dirac statistics and principles of exclusion. 

Kaluza-Klein theories may be thought of as “classical,” most fundamentally, because 

they are founded upon pure Riemannian geometry, albeit in five rather than four dimensions, 

predicated upon a symmetric metric tensor, and with all motion including the Lorentz force 

motion of electrical currents occurring along the geodesics of the five-dimensional geometry.  

Yet, in the course of seeking to apply such a classical theory to the ostensibly “non-classical” 

two-valuedness of intrinsic spin, one of necessity must overcome certain habits of thinking by 

which we separate classical from non-classical physics, and understand the ways in which these 
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boundaries exist only in our minds and in the historical development of our science, but not in 

the material realities of the natural world.  Thus, this paper may be regarded in significant 

measure as a “thesis defense” of the intrinsic spin hypothesis set forth in [1], and one that will 

require in certain aspects, overcoming historical barriers typically drawn between classical and 

non-classical theory which if too tightly held, do nothing more than obscure the lessons of the 

physics we already know, and hamper ventures into new areas of physics knowledge beyond 

humanity’s present grasp. 

 

2.  Dirac Wavefunctions and Spinors: Classical or Non-Classical? 

Half- integral intrinsic spin ( h
2
1 ) is often thought to be incompatible with classical, 

geometrodynamic theory, because the Dirac spinors which carry this intrinsic spin are considered 

“non-classical” objects.  This is one very important instance in which the division of physical 

conceptualization into “classical” and “non-classical” is not helpful and in fact 

counterproductive.  Let us see why this is so, noting that what we will lay out below is nothing 

that is not known, but rather a different way of looking at what is well-known which allows us to 

begin disassembly of the “classical” versus “non-classical” distinction, so that it might in fact be 

relegated to no more than a quaint, historical role in the development of physics, and removed as 

an impediment to current-day progress in the development of physical science. 

Here, we do not need to consider Kaluza-Klein at all, but can consider the settled physics 

of four-dimensional gravitational theory specified by the timelike metric interval 

νµ
µντ dxdxgd =2

.  The spacetime metric interval, so specified, is perhaps the fundamental 

paradigm of what we regard as “classical” physics.  Nothing is quantized, there are no 

wavefunctions in the metric equation, and most aesthetically-pleasing, this equation is pure 

geometry.  It is rooted in the original work of Gauss to describe the geometry of a curved two-

dimensional surface, later extended by Riemann into spaces of arbitrary dimensionality, and then 

applied by Einstein, following the Euclidean exposition of Minkowski, to the physics of 

macroscopic gravitation.  This metric equation is, of course, the first integral of the geodesic 

equation of gravitational motion, easily derived therefrom, which is given by 
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.  All of this is purely classical, by any definition. 
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The Dirac equation was first developed with the objective of linearizing the Klein-

Gordon equation, in the hope of overcoming negative probability densities and negative energies.  

Yet, as one steps back and gains perspective, the Dirac equation is simply the “square root” of 

the metric equation 
νµ

µν dxdxgds =2
, taken in the Euclidean circumstance where µνµν η→g , 

employing Dirac spinor wavefunctions which are essential to write down a proper “square root” 

equation.  We may use this approximation because when examining particle physics in the 

laboratory, the effects of gravitation may be totally neglected in comparison to all of the other 

physics that takes place. 

Specifically, rather than write 
νµ

µνητ dxdxd = , we  define the “square root” of the 

metric tensor,
µγ , according to the Dirac relationship { } µνµννµ ηγγγγ ≡+

2
1 .  Then, we use this 

to write µ
µγτ dxId =⋅ , where we explicitly show the 4x4 identity matrix I  in order to make the 

next point, which is that µ
µγ dx  cannot possibly be equal to Id ⋅τ  unless these matrices operate 

on four-component spinor objects.   So, how do we do this? 

First, removing I  having made the point, and defining the velocity four-vector 

τµµ ddxu /≡ , we rewrite the square root equation as 10 −= µ
µγ u ,.  Next, in an “original sin” 

which is one of the motivations toward theories of dimensionality greater than four, we 

introduce, by hand, a rest mass m .  To be clear: there is no geometric basis for m ; we introduce 

this simply and solely because of the empirical observation that rest masses exist in nature and 

can be measured.  One goal of higher dimensional theories is to remedy this state of affairs and 

place mass together with space and time onto a solely geometrodynamic footing.  We further 

multiply the square root equation through by m , and then use a momentum four-vector defined 

as µµ mup ≡  to write mp −= µ
µγ0 .   Then, because mp −= µ

µγ0  makes no more sense than 

10 −= µ
µγ u , we introduce a Dirac wavefunction ( )µψ x , multiply from the right, and reframe 

this as the operator equation ( )ψγ µ
µ

mp −=0 .  Now, for the first time, we have a square root 

equation that makes sense, insofar as we can now sensibly seek eigensolutions of the form 

( ) σ
σ

ψ xip
eu

−≡ p  to this equation.  Of course, this means that ψψ µµ pi =∂ , so we finally arrive at 

a sensible square root of the spacetime metric equation, which is none other than Dirac’s 

equation for a free fermion: 
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( )ψγ µ
µ

mi −∂=0 , (2.1) 

which becomes the free-particle Schrödinger equation in the non-relativistic limit. 

This derivation of Dirac’s equation is, of course, nothing new at all.  But, it makes clear 

in this context, that the characterization of a Dirac spinor, and a Dirac wavefunction, as “non-

classical,” is simply a semantic distinction without a physical difference which only causes 

unwarranted confusion.  A much better philosophical view of Dirac’s equation, leaving behind 

the “classical” versus “non-classical” distinction, is to simply regard Dirac’s equation as the 

square root of the metric equation which governs the geometry of a (Euclidean) Minkowski 

spacetime, revealing a substructure of the spacetime geometry which does not become apparent 

until one takes the square root of the spacetime geometry in the manner just described.  When we 

follow Dirac by taking the square root of the geometry of Gauss and Riemann as applied to 

physics by Minkowski and Einstein, we are simply displaying additional structure underlying 

this geometry which is not apparent unless and until one takes the square root.  This additional 

structure includes the absolute necessity for having a wavefunction ψ  operated upon by 

mp −= µ
µγ0 , and well as the fact that this wavefunction must be a four-component Dirac 

spinor.  There is no conflict or inconsistency or incompatibility; this is just physics, and classical 

versus non-classical distinctions are misleading and irrelevant.  If one insists on making this 

distinction still, then it might be said that Dirac’s equation and its spinors and wavefunctions, 

simply reveal a whole new level of reality based on classical physics, which emerges when one 

takes the square root of the classical geometrodynamic theory of gravitation. 

 

3.  Intrinsic Magnetic Moments and Half-Integer Spins: Classical or Non-Classical? 

The next step is to go to gauge theory, and demand that the Dirac Lagrangian density 

remain invariant under local phase (gauge) transformations of the form 
( )ψψψ

µxia
e=′→ .  In a 

way that is very well-known and need not be detailed here, the upshot is that this places the 

Dirac wavefunction into an interaction with the electromagnetic potential µA , and requires us to 

extend Dirac’s equation (2.1) to: 

( )( )ψγ µµ
µ

meAi −+∂=0 . (3.1) 

In the course of doing this, we also arrive at the electromagnetic field strength tensor related to 

µA  according to µννµµν
AAF ∂−∂= . 
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 Then, using ( )p,Ep =µ
 and ( )A,φµ =A ,  as well as kijkijji

i σεδσσ +=  which 

expands to ( ) ( ) ( ) ( )pAApApApAp ×+×⋅++=+⋅+⋅ σσσ ieeee
2

, as well as combining 

µµ ∂→ hip  together with the electromagnetic field µννµµν
AAF ∂−∂=  to write 

BApAAp hh ii −=×∇−=×+×
→→→→→

, (2.1) can by well-known methods be converted into the 

Hamiltonian expression: 

( )
( ) ( )

B
Ap

⋅
++

+−
++

+
=

2

2
2

σ

φ
φ

φ meE

e
e

meE

e
H

h
. (3.2) 

The final term multiplying ( ) B⋅2/σ  specifies the intrinsic magnetic moment, and 2/σ  are the 

half-integer Pauli matrices used to specify intrinsic spin.  In the non-relativistic limit mE ≈ , and 

setting 00 →= φA , the above further reduces to: 

( )
B

Ap
⋅+

+
=

22

2
σ

m

e

m

e
H

h
. (3.3) 

with the gyromagnetic ratio 
m

e

m

eg hh
=

2
, i.e., 12/ =g .  It is the fact that the gyromagnetic ratio is 

observed experimentally to be close to 2, rather than 1, which accounts for the fact that B is 

multiplied by 2/σ  rather than by σ  alone, and therefore, for the fact that Dirac spinors have 

spin ½ rather than spin 1.  Had the gyromagnetic ratio been observed to be 1, then the fermions 

would be integer spin particles, and our physical world would be quite different than it is. 

 Once again, however, it adds nothing to our understanding of physics, and only obscures 

our view, if we ask the artificial question: are the magnetic moments and half-integer intrinsic 

spins classical or non-classical?  A better view is that if we take the square root of the spacetime 

geometry, and then impose local gauge symmetry on the wavefunctions in Dirac’s equation 

(2.1), we arrive at spin ½.  The non-sequiter of trying to view this through the linguistic, 

historical prism of “classical” versus non-classical, is illustrated by a slightly different, but very 

analogous example.  Take the equation 
x

ey = .  Call this equation with an integer coefficient for 

the exponent “classical.”  Now, take the square root 
x

ey 2

1

= .  The integer coefficient is now a 

half-integer.  Does this make the latter equation non-classical?  No.  It simply means that the 

latter equation is the square root of the former.  The only difference is that in physics, when we 

take the square root of the metric equation 
νµ

µντ dxdxgd =2
, and then impose gauge symmetry, 
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we find lying beneath the surface of our Riemannian geometry, and very rich and interesting 

substructure, which includes Dirac spinors with half integer spin. 
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